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Abstract Machines (. . . ) stop when the weak head normal form
of their argument is reached. Although, it is enough in most
cases (. . . ), it can be sometimes convenient to go further. . .
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Pure Untyped Lambda Calculus (λ)

Λ ::= n | λ.Λ | Λ Λ
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Full-Reducing Krivine Machine (λρ) [Crégut, 2007]

C ::= Λ[ρ] | n | bΛ, lc
ρ ::= ε | C : ρ

S ::= ε | Λ[ρ] : S | λλ : S | bΛ, lc : S

T → ( T [ε] , ε , 0 )
( (n + 1)[C : ρ] , S , l ) → ( n[ρ] , S , l )

( 0[C : ρ] , S , l ) → ( C , S , l )
( (M N)[ρ] , S , l ) → ( M[ρ] , N[ρ] : S , l )

( (λ.B)[ρ] , N[ρ′] : S , l ) → ( B[N[ρ′] : ρ] , S , l )

( (λ.B)[ρ] , S , l ) → ( B[l + 1 : ρ] , λλ : S , l + 1 )
( n , S , l ) → ( bl − n, lc , S , l )

( bM, l ′c , N[ρ] : S , l ) → ( N[ρ] , bM, l ′c : S , l ′ )
( bB, l ′c , λλ : S , l ) → ( bλ.B, l ′c , S , l )

( bN, l ′c , bM, l ′′c : S , l ) → ( bM N, l ′′c , S , l )
( bT , l ′c , ε , l ) → T
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Calculus of Closures (λρ̃)

[Biernacka and Danvy, 2007]

C ::= Λ[ρ] | n | bnc | λλ.C | C · C
ρ ::= ε | C : ρ

E ::= bnc | λλ.E | E · E (' Λ)
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Structural Operational Semantics (λρ̃)

n < |ρ|
〈n[ρ], l〉 → 〈nth(ρ), l〉

(Var)

〈(M N)[ρ], l〉 → 〈M[ρ] · N[ρ], l〉
(App)

〈n, l〉 → 〈bl − nc, l〉
(Par)

n ≥ |ρ|
〈n[ρ], l〉 → 〈bn − (|ρ| − l)c, l〉

(Fre)

〈(λ.B)[ρ], l〉 → 〈λλ.B[l + 1 : ρ], l〉
(Lam)

〈(λλ.B[n : ρ]) · N, l〉 → 〈B[N : ρ], l〉
(β)

M 6∈WHNFC 〈M, l〉 → 〈M′, l〉
〈M · N, l〉 → 〈M′ · N, l〉

(µ1)

M ∈WHNFC M 6≡ λλ.B 〈M, l〉 → 〈M′, l〉
〈M · N, l〉 → 〈M′ · N, l〉

(µ2)

M ∈ NFC M 6≡ λλ.B 〈N, l〉 → 〈N′, l〉
〈M · N, l〉 → 〈M · N′, l〉

(ν)

〈B, l + 1〉 → 〈B′, l + 1〉
〈λλ.B, l〉 → 〈λλ.B′, l〉

(ξ)

WHNFC ::= λλ.C | bnc{·C}∗
NFC ::= λλ.NFC | bnc{·NFC}∗

(' NF)
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Natural Semantics with Explicit Control (λ∗ρ) c ::= n | w

n < |ρ| 〈nth(ρ), l , c〉 ⇓ N

〈n[ρ], l , c〉 ⇓ N
(Var)

〈n, l , c〉 ⇓ bl − nc
(Par)

n ≥ |ρ|
〈n[ρ], l , c〉 ⇓ bn − (|ρ| − l)c

(Fre)

〈(λ.B)[ρ], l ,w〉 ⇓ B[l + 1 : ρ]
(Lam1)

〈B[l + 1 : ρ], l + 1,n〉 ⇓ bB ′c
〈(λ.B)[ρ], l ,n〉 ⇓ bλ.B ′c

(Lam2)

〈M[ρ], l ,w〉 ⇓ M′ M′ ≡ B[n : ρ] 〈B[N[ρ] : ρ], l , c〉 ⇓ B′

〈(M N)[ρ], l , c〉 ⇓ B′
(Red)

〈M[ρ], l ,w〉 ⇓ M′ M′ ≡ bM ′c 〈N[ρ], l ,n〉 ⇓ bN ′c
〈(M N)[ρ], l , c〉 ⇓ bM ′ N ′c

(Neu)
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Optimised Full-Reducing Krivine Machine (λ∗ρ)

C ::= Λ[ρ] | n | bΛc
ρ ::= ε | C : ρ

S ::= ε | Λ[ρ] : S | λλ : S | bΛc : S

T → ( T [ε] , ε , 0 )
( (n + 1)[C : ρ] , S , l ) → ( n[ρ] , S , l )

( 0[C : ρ] , S , l ) → ( C , S , l )
( n[ε] , S , l ) → ( bn + lc , S , l )

( (M N)[ρ] , S , l ) → ( M[ρ] , N[ρ] : S , l )
( (λ.B)[ρ] , N[ρ′] : S , l ) → ( B[N[ρ′] : ρ] , S , l )

( (λ.B)[ρ] , S , l ) → ( B[l + 1 : ρ] , λλ : S , l + 1 )
( n , S , l ) → ( bl − nc , S , l )

( bMc , N[ρ] : S , l ) → ( N[ρ] , bMc : S , l )
( bBc , λλ : S , l ) → ( bλ.Bc , S , l − 1 )

( bNc , bMc : S , l ) → ( bM Nc , S , l )
( bT c , ε , 0 ) → T

n(λ.B)N
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Summary

I Structural operational semantics (small-step): exposes
ephemeral constructs, deBruijn levels representing parameters (n).

I Natural semantics (big-step): control character distinguishes
between weak (w) and full (n) evaluation.

I Abstract machine (�rst-order state-transition function): the
distinction is done looking at the control stack.
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Calculi of Closures Hierarchy

λρ

λ∗ρ λρ̂

λρ̃

C ::= Λ[ρ]

[Curien, 1991]

[Biernacka and
Danvy, 2007]

based on
[Crégut, 2007]

+n

+ bΛc +C · C

bΛc'bnc
| λλ.C
| C · C

+n

+ bnc
+ λλ.C

Thanks!
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Closure-Based Substitution

σC(bnc, l) = n

σC(n[ρ], l) =

{
σC(nth(ρ), l) if n < |ρ|
n − (|ρ| − l) if n ≥ |ρ|

σC((λ.B)[ρ], l) = σC(λλ.B[l + 1 : ρ], l)
σC(λλ.B, l) = λ.σC(B, l + 1)
σC(n, l) = l − n

σC((M N)[ρ], l) = σC(M[ρ] · N[ρ], l)
σC(M · N, l) = σC(M, l)σC(N, l)

14 / 15



Step-by-Step Simulation between λρ̃ and λ

M M′ M1 M′1 M2

M M1 M2

M ≡ M[ε]

ρ

∗
β ρ

∗
β

σ σ

λρ̃ →ρ all the rules but β
→β β and all the compatibility rules
→σ closure-based substitution

λ → substitution-based normal order

14 / 15



Height of a Closure

h(n[ρ]) =

{
h(nth(ρ)) if n < |ρ|
0 if n ≥ |ρ|

h((λ.B)[ρ]) = 1 + h(B[n : ρ])
h((M N)[ρ]) = max{h(M[ρ]), h(N[ρ])}

h(n) = 0
h(bnc) = 0
h(λλ.B) = 1 + h(B)

h(M · N) = max{h(M), h(N)}

15 / 15



Example with Optimised Machine

λ.0((λ.0)0)

T → ( T [ε] , ε , 0 )
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