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Abstract Machines (... ) stop when the weak head normal form
of their argument is reached. Although, it is enough in most
cases (... ), it can be sometimes convenient to go further. ..

[Crégut, 1990]
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Derivational Diagram

y exp. ctrl.
A s A A
P
red.-based cc red.-based push/enter
- (7 .
normaliser normaliser KN
refocus protrude
+ LWF + inline
~+ inline m.
trl.
eval/apply eval/apply ctrl. eval/apply
abs. mach. abs. mach. abs. mach.
refunc.
+Cps?
red.-free CPS
normaliser + defunc
lprepone
reponed reponed &P reponed
prep shortcut prep ctrl. prep
red.-free —— red.-free —— red.-free
normaliser normaliser normaliser
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Pure Untyped Lambda Calculus ()

AN = n| AN|AA
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Example

A.0((1.0)0)
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Full-Reducing Krivine Machine (

A5) [Crégut, 2007]

C u= Apllnal[A]]
p = €|C:p
S = €e|Ap]:S|N:S| NS
T — (Tlg,e,0)
((n+D[C:p], S, 1) — (nlo], S, 1)
(0[C:p],S,1) — (C,S.,1)
((MN)pl, S, 1) — (Mip]l, Nlp]:S, 1)
((AB)lpl, N[p']:S, 1) — (BIN[pT:pl, S, 1)
(AB)p],S, 1) — (Bll+1:p],M:S5,/1+1)
(A, S, 1) — (|/-nl],S,1)
(M, ], Nlp]:S, 1) — (Np], [MI]:S,1)
(1B,/'],™:5,1) — (AB,JI],S,1])
(NI, M SS Y — (IMNJIT) ST
(|LT,/'],e, 1) —» T
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Calculus of Closures (\;)

[Biernacka and Danvy, 2007]
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Structural Operational Semantics (A;)

n <o (VB o) N7y (BN 1)

LR

M ¢ WHNFc (M, /) — (M', 1)
(App) (M-N,l) — (M- N,/

(p1)

((MN)p], 1) = (M[p] - N[p], ])
Me WHNFc M=#AB (M, 1) — (M, /)

EET R MOND S (M N (12)
n>|p| (Fre) MENFC MZNB (N./) — (N, 1)
(Lol 1y = (Ln— (ol = D], 1) M N.J) > (M-N, ) @)

OB = MBTET o P™  (BI+1) - (B 1+1])
(NB.,I) = (WB, )

WHNFc
NFc¢

A.C | [n]{-C}"
».NFC | LHJ {NFc}*
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WHNFc
NFc¢
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Natural Semantics with Explicit Control (A7) c:=n|w

n<lp| (n"(p),l,€) 4 N
(nlp],1,€) U N

(Var) (Par)

<ﬁ7I7C>U' LI—HJ

n>|pl

(nlp],1,€) 4 [n = (|pl = 1))

(Fre)

— (Lam1)
((AB)p), I,w) I B[l +1: ]

(B[l +1:p],/+1,n) | |B'|
((A-B)lpl. 1,m) 4 [A.B]

(Mol I.w) 4 M W =B[a: g (BIN[p]: pl.l.c) I B’
(M N[l T.c) U B

(MIpl, Lw) 4 M W = [M'] (N[, Lom) § [N
(M N[l 1<) ¥ (M|

(Lam2)

(Red)

(Neu)
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Optimised Full-Reducing Krivine Machine (\5)

C == Apl[n][A
p == €|C:p
S = | AplS| NS [A:
T — (T[e],e,O)
((n+DIC:p], S, 1) — (nlel, S, 1)
(O[C:p],S,1) = (C,S,1)
(nle], S, 1) — (|n+1],S,1)
((MN)pl, S, 1) — (Mlp], N[p]: S, 1)
((AB)lpl, N[p']:S, 1) — (B[N[pT:pl, S, 1)
((AB)[pl,S, 1) — (B[l+1:p],M:S5,1+1)
(Aa,S,1) — (|/-n],S,1)
(LM], Nlpl: S, 1) — (Np], [M]:S,1)
([B],2:S5,1) = ([AB],S,I-1)
(LN, [M]:S.1) — ([MN],S, 1)
(|T],e,0) — T
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Optimised Full-Reducing Krivine Machine (\5)
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Original Full-Reducing Krivine Machine A5

C == Apl[7][A]]
p = €|C:p
S = €|Npl:S|N:S||NI]:S
T — (Tlg,e,0)
((n+D[Cepl, S, 1) = (nlp], S, 1)
(0[C:p],S,1) = (C,S, I)
((MM)pl, S, 1) — (M, N[p]:S, 1)
(A-B)lol, Nlp1:S, 1) — (B[Np]:pl, S, 1)
((A\B)p], S, 1) — (B[l+1:p],N:S,1+1)
(n,S,1) = (|/=-nl],S5,1)
(IM.1) . Nl =S 1) (Nl [M.]2S. 1)
(1B, /], ™:S5,1) = ([ABJI],S,1)
(N7, )5 1) = (IMN"], s, 1)
(LT,I’J,E,I) - T
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Summary

» Structural operational semantics (small-step): exposes
ephemeral constructs, deBruijn levels representing parameters (7).
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Summary

» Structural operational semantics (small-step): exposes
ephemeral constructs, deBruijn levels representing parameters (7).

» Natural semantics (big-step): control character distinguishes
between weak (w) and full (n) evaluation.

» Abstract machine (first-order state-transition function): the
distinction is done looking at the control stack.
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Calculi of Closures Hierarchy

C == A[p]

Ap[Curien, 1991]

+7
+ A +C-C
A\ based on __|Biernacka and
P [Crégut, 2007] P Danvy, 2007]
[A]=n] +n
| A.C + [n]
|C-C A\~ + N.C

p
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Ap[Curien, 1991]

+7
+ (A +C-C
A\ based on __|Biernacka and
P [Crégut, 2007] P Danvy, 2007]
[A]=n] +n

. Ln]
e 7 +ic Thanksl!

p
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Closure-Based Substitution

T T o) <o
N _ ac(n™(p),1) fn<l]p
oc(nlp], 1) { n—(|p|7—/) if n>|p|
(VB T) = oeNBITH1: 0l ))
oc(AB,) = Xoc(B,[+1)
oc(@l) = I—n
(TP = oM)Wl

oc(M, ) oc(N, 1)
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Step-by-Step Simulation between A5 and A

*

I /
M M My M —— M,
M = M| J J J
M M; M-

A5 —, all the rules but 3
—p [ and all the compatibility rules
—, closure-based substitution

A —  substitution-based normal order

14 /15



Height of a Closure

h(n*"(p)) if n < |p|

h(nlp]) = 0 if n> ||
MOB)A) = 1+h(B[a: p))
MM M[p)) = max{h(M[]), (NV[o]))
h(n) = 0
h(ln]) = 0
h(M.B) = 1+ h(B)
h(M-N) = max{h(M), h(N)}

15/ 15



Example with Optimised Machine

A.0((1.0)0)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(o((x.00)[1], A, 1)

T — (Tlg,e,0)
((r+1)[C:pl, S, 1) — (nlo], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
(MWl S. 1) — (Ml Njg]:S. 1)
(B, Np1:S. 1) = (BINW):f], S, 1)
(AB)pl, S, 1) — (BlI+1:p,N:S,1+1)
(n,S,I) — (LI*HJ,S’/)
(LM], ’V[P] S, 1) — (Nlp], [M]:S,1)
(B, 2:S5,1) = (|\B],S, /—1)
(LN [M]:S. 1) — ([MN], S, 1)
(|T],e,0) — T
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T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
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(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(0[], (A\0)O)[1]: ™, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
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T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
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(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(1, (N0))[1]: ;1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle],S, 1) = (|n+1],S,1)
(0[C:p],S,1) — (C,S,1)
((MN)[pl, S, 1) — (Mip], Njp]:S . 1)
((AB)lp], N[p'):S. 1) — (BIN[]:p], S, 1)
(AB)p],S,1) — (B[l+1:p],M:S5,1+1)
(Aa,S,1) — (|/-n],S,1)
(M), N[p]:S, 1) —= (Np], [M]:5,1)
([B],™:S,1) — (|AB],S,I1-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

([0], (\0)0)[1]: &, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

([0], (\0)0)[1]: &, 1)

T — (Tlg,e,0)
((r+1)[C:pl, S, 1) — (nlo], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)pl, S, 1) — (Mip], Nlp]:S, 1)
((AB)lpl, N[p']:S, 1) — (BIN[pT:pl, S, 1)
(AB)pl, S, 1) — (BlI+1:p,N:S,1+1)
(n,S,I) — (LI*HJ,S’/)
(LM}, /V[P] S, 1) — (N, [M]:S,1)
(LBJ MN:S5,1) = (|AB],S,1-1)
(IN], IM]:S, 1) — (IMN],S.,T)
(|T],e,0) — T
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Example with Optimised Machine
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T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(00, [0] : &, 1)
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((r+1)[C:pl, S, 1) — (nlo], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
(MWl S. 1) — (Ml Njg]:S. 1)
(B, Np1:S. 1) = (BINW):f], S, 1)
(AB)pl, S, 1) — (BlI+1:p,N:S,1+1)
(n,S,I) — (LI*HJ,S’/)
(LM], ’V[P] S, 1) — (Nlp], [M]:S,1)
(B, 2:S5,1) = (|\B],S, /—1)
(LN [M]:S. 1) — ([MN], S, 1)
(|T],e,0) — T
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Example with Optimised Machine

((\.0)[1], O[1]: |O] : ™, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

((\.0)[1], O[1]: |O] : ™, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
(OB)lp]. NIg1-S. 1) — (BN 6l 5. 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(n,S,I) — (LI*HJ,S /)
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Example with Optimised Machine

(o[o[1] : 1], [0] : ™, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(o[o[1] : 1], [0] : ™, 1)

T — (Tlg,e,0)
((h+DIC:p], S, 1) = (nlel, S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S, 1) — (C,S,1)
((MN)[pl, S, 1) — (Mip], N[p]:S, 1)
((A-B)lel, N[p']:S, 1) — (B[N[pT:p], S, 1)
(AB)p],S,1) — (B[l+1:p],M:S5,1+1)
(n,S,I) - (LI*HJ,S /)
(LM], ’V[P] S,1) = (N, [M]:S,1)
([B],™:S,1) — (|AB],S,I1-1)
(LN, [M]:S.1) — ([MN],S, 1)
(|T],e,0) — T
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Example with Optimised Machine

(O[], [0f: X, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(O[], [0f: X, 1)

T — (Tlg,e,0)
((h+DIC:p], S, 1) = (nlel, S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S, 1) — (C,S,1)
((MN)[pl, S, 1) — (Mip], N[p]:S, 1)
((A-B)lel, N[p']:S, 1) — (B[N[pT:p], S, 1)
(AB)p],S,1) — (B[l+1:p],M:S5,1+1)
(n,S,I) - (LI*HJ,S /)
(LM], ’V[P] S,1) = (N, [M]:S,1)
([B],™:S,1) — (|AB],S,I1-1)
(LN, [M]:S.1) — ([MN],S, 1)
(|T],e,0) — T
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Example with Optimised Machine

(1,10]:n,1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(1,10]:n,1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle],S, 1) = (|n+1],S,1)
(0[C:p],S,1) — (C,S,1)
((MN)[pl, S, 1) — (Mip], Njp]:S . 1)
((AB)lp], N[p'):S. 1) — (BIN[]:p], S, 1)
(AB)p],S,1) — (B[l+1:p],M:S5,1+1)
(Aa,S,1) — (|/-n],S,1)
(M), N[p]:S, 1) —= (Np], [M]:5,1)
([B],™:S,1) — (|AB],S,I1-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T

15/ 15



Example with Optimised Machine

(1oJ, [0]: &, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T

15/ 15



Example with Optimised Machine

(1oJ, [0]: &, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(n,S,I) — (LI*HJ,S /)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(IN], IM]:S, 1) — (LMJS/)
(|T],e,0) — T
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Example with Optimised Machine

(100], N, 1)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

(100], N, 1)

T — (Tlg,e,0)
((h+DIC:p], S, 1) = (nlel, S, 1)
(n[d, S, 1) — (ln+1],S,1)
(0[C:pl, S, 1) — (C,S,1)
(MM, S 1) = (M, Nigl:S, 1)
((A-B)lel, N[p']:S, 1) — (B[N[pT:p], S, 1)
(AB)ol,S,1) — (BI+1l:p],M:S,/+1)
(ﬁasvl) - (LI*HJ,S’/)
(LM], N[p]:S,1) — (Nlpl, [M]:S,1)
([B],N:S5,1) = ([A\B],S,I-1)
(IN), M-S, 1) = ([MN],S,1)
(LT],e,0) = T
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Example with Optimised Machine

([A00],¢,0)

T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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Example with Optimised Machine

([A00],¢,0)

T — (Tlg,e,0)
((r+1)[C:pl, S, 1) — (nlo], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[p], S, 1) — (Milp], Np]:S, 1)
((A-B)lol, N[p']: S, 1) — (B[N[p]:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(LM], /V[p]57/) S (N[, [M]:S, 1)
([B],2:S5,1) = ([A\B],S,I-1)
(LN [M]:S. 1) — ([MN], S, 1)
(|T],e,0) — T
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Example with Optimised Machine

200
T — (Tlg,e,0)
((n+D)[C:p], S, 1) = (nl], S, 1)
(nle]l, S, 1) — (|n+1],S,1)
(0[C:p],S,1) = (C,S,1)
((MN)[pl, S, 1) — (Mp], N[p]:S, 1)
((AB)lol, N[p'}:S, 1) — (B[N[pT:p], S, 1)
((AB)pl,S,1) = (B[l+1:p],MN:5,1+41)
(nasvl) — (LI*HJ Svl)
(M], ’V[P] S, 1) — (N[, [M]:S,1)
([B],2:S5,1) = ([A\B],S,I-1)
(N, IM]:S, 1) = ([MN], 5,/)
(|T],e,0) — T
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