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Abstract

Regarding higher-order functional languages, Reynolds noted that the
semantics of the implementation language can interfere with the seman-
tics of the object language. The same can be said about evaluation order
in the context of evaluators. The culprit is the interpretation (or evalua-
tion) of function application. To solve the problem, Reynolds proposed the
use of continuation-passing style and defunctionalisation. Danvy extended
Reynolds’s work and showed that abstract machines can be derived from
interpreters. In both cases, the object language is a typed extension of the
lambda calculus with primitives and often the implementation language is
call-by-value.

We systematically study and implement evaluators and interpreters for
the pure lambda calculus in Haskell, a non-strict, call-by-need, purely func-
tional language. We start with naive (and inaccurate) versions, discussing
the, now important, issues of free variables and independence from Haskell’s
evaluation order. We present classic (non-monadic eval-apply and eval-case)
as well as monadic evaluators that really implement appropriate semantics
and evaluation orders by dint of special features such as strict application,
continuations, and monads.

We present novel generic evaluators and interpreters that generalise all
previous ones. Genericity is achieved by parametrisation and by mixin com-
position. We explore and reduce the parameter space, or 3-hypercube as
we like to call it, and discuss parameter minimalisation and its impact on
expressiveness. To our knowledge, our work is the first systematic Haskell
implementation of lambda calculus interpreters and evaluators and the first
generalistaion in generic versions. Generic interpreters open up an interesting
research path to explore: the development of generic (if you will, “pluggable”)
abstract machines.






Resumen

En relacién a los lenguajes funcionales de orden superior, Reynolds ad-
virtié que la seméantica del lenguaje de implementacion podria interferir con
la seméantica del lenguaje objeto. Lo mismo puede decirse sobre los ordenes
de evaluacién en el contexto de evaluadores. La interpretacién (o evaluacion)
de la aplicacion de funciones es la culpable. Para resolver éste problema
Reynolds propuso el uso del estilo de paso por continuaciones y la defun-
cionalizacién. Danvy extendi6 el trabajo de Reynolds y mostré que maqui-
nas abstractas se pueden derivar a partir de intérpretes. En ambos casos, el
lenguaje objeto es una extensiéon tipada del célculo lambda con primitivas
anadidas y a menudo el lenguaje de implementacion pasa los parametros por
valor (call-by-value).

Estudiamos e implementamos sistematicamente evaluadores e intérpretes
del calculo lambda puro en Haskell, un lenguaje funcional puro, no estricto
y con paso de parametros call-by-need. Partimos de versiones ingenuas inco-
rrectas, explicando aspectos ahora relevantes sobre variables libres asi como
la independencia del orden de evaluacién de Haskell. Presentamos versiones
cldsicas (no mondadicas eval-apply y eval-case) asi como versiones monddicas
que realmente implementan la seméantica y ordenes de evaluacién apropiados
usando caracteristicas especiales como aplicacién estricta, continuaciones, y
monadas.

Presentamos novedosos evaluadores e intérpretes genéricos que generali-
zan todos los anteriores. La genericidad se consigue mediante la parametri-
zacion y mediante composicién mizin. Exploramos y reducimos el espacio de
parametros, o G-hipercubo como nos gusta llamarlo, y discutimos la minimi-
zacion de parametros y su impacto en la expresividad. Hasta donde nosotros
sabemos, nuestro trabajo es la primera implementacion sistematica en Haskell
de intérpretes y evaluadores del cédlculo lambda y la primera generalizacion
en versiones genéricas. Los intérpretes genéricos abren un campo de investi-
gacién interesante: el desarrollo de maquinas abstractas genéricas (o si nos
permite, “enchufables”).
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Chapter 1

Introduction

This chapter serves several purposes:

Provides the background and context of the work carried out in this
thesis, introducing some key concepts and terminology.

Lists motivations, objectives, and the contributions of the thesis.

Puts the contributions in context by briefly discussing related work in
the literature.

Describes the structure and organisation of the thesis.

1.1. Motivation and background

The development of techniques and methods for dealing with complex
software systems is of increasing interest. Of particular relevance is the study
and development of advanced programming languages with solid foundations,
a research area in which several research groups of the Departamento de
Lenguajes y Sistemas Informaticos e Ingenieria del Software are active.

Our interest in this thesis is the study of important foundational aspects
of functional programming, a programming paradigm that was developed in
academia with solid foundations and has been increasingly catching the at-
tention of a wider audience, including mainstream practitioners and industry.

Our interest is the systematic study of the evaluation and interpretation
of the A-calculus, the core language of functional programming languages,
and the development of generic evaluators and interpreters. The implemen-
tation language is Haskell, a popular non-strict, purely-functional language.
As far as we know this is the first systematic study and implementation
of evaluators and interpreters in Haskell that addresses issues such as free



variables in the pure A-calculus, evaluation-order independence, and gener-
icity via parametrisation and mixin composition. We explore the parameter
space or, as we like to call it, the f-hypercube, a name made in jest and
moulded after the well-known A-cube in type systems [16]. We have obtained
several results (Section 1.2 and Chapter 5) and have found an interesting re-
search path to explore: the development of general, or “pluggable”, abstract
machines from generic evaluators and interpreters (Chapter 6). Given the
current transfer or adoption of functional programming ideas and languages
to the mainstream, our foundational study and research results are of interest
to the programming language community in general.
The following paragraphs elaborate in more detail.

Functional programming today. Functional programming languages have
powerful mechanisms for parametrisation, abstraction, and reuse that make
them ideal candidates for writing code that is more reliable, expressive, and
easier to develop and maintain. Functional languages have been developed
in academia with solid foundations. For several social reasons, they have not
been widely adopted by practitioners and the software industry in general,
until now. Impressive theoretical and practical advances that have taken
place in the last decade have made functional languages more powerful and
expressive and have caught the attention of the software industry. It is com-
monplace that concepts that originated in the functional paradigm have been
adopted by popular languages such as Java or C#. Examples are first-class
functions, parametric polymorphism, garbage collection, A-expressions, and
query comprehension. But industry’s trend is to go functional. Conspic-
uous examples are Python, Microsoft’s F#, and the growing popularity of
Haskell and OCaml. The advent of multicore computing and parallelism
makes functional languages not only attractive, but thanks to their power-
ful abstraction mechanisms and their careful treatment and static control of
side-effects, they are perhaps the only reasonable choice [15].

Foundations: evaluation and interpretation in the A-calculus. The
study of foundational aspects of functional programming languages started
well before computers existed. Godel himself developed a functional language
to prove his famous incompleteness theorem. Alonzo Church invented the
A-calculus in the 1930s [4] which constitutes the core language of functional
programming languages. Scott and Strachey [20] introduced a formal denota-
tional semantics for programming languages, including functional ones based
on the A-calculus. The works of Landin [9], Reynolds [19], and Plotkin [17]
settled the basis for the interpretation of the A-calculus laying the foundations



of denotational and operational semantics. Finally, Danvy [7, 1] has given
the operational semantics of different evaluation orders of the A-calculus,
translating the interpreters into abstract machines.

We aim to make a contribution in this research line, systematically study-
ing and implementing evaluators and interpreters for the pure A-calculus
in Haskell-——most authors cited have only focused on typed extensions with
primitives and in call-by-value implementation languages. We present novel
generic evaluators and interpreters by means of parametrisation and mixin
composition.

Haskell is our implementation language. Haskell is an advanced non-
strict and purely functional programming language designed to be suitable
for teaching, research, and for building large systems. Its design emphasises
evolution, with more than twenty years of cutting-edge research attesting
to its maturity. It is open and free, and is the preferred option for many
researchers. Although created for and by academia, it has become a powerful
production language, with its stable Haskell 98 version, with the state-of-the-
art Glasgow Haskell Compiler, and with more than 1000 libraries.

Haskell is a good choice for developing A-calculus interpreters and evalu-
ators. It supports prominent features such as algebraic data types, pattern
matching, parametric polymorphism, type classes, monads, graphics, con-
currency, foreign-function interfaces, etc. Haskell provides a definition style
with guards and where clauses as well as an expression style with pattern
matching and let clauses. Haskell eases the intensive use of monads, which
provide a clean mechanism to manage sequencing and side effects. For the
monadic versions, we use Haskell’s do notation.

Haskell has non-strict semantics and call-by-need (CBD) evaluation order,
that is, call-by-name with sharing of sub-expressions which are evaluated
once and on demand. Nevertheless, Haskell provides strictness (call-by-value)
primitives.

Strictness and evaluation order. Strictness is a semantic concept re-
lated to function application. More precisely, a function is strict on an
argument if the result of the application is undefined (e.g., non-terminating)
when the argument is undefined. The function is non-strict if the result is
defined when the argument is undefined. Strictness is related to argument
usage. Typical examples of non-strict functions are the constant function
and conditionals, the latter non-strict on their last two arguments.

An evaluation order specifies the order in which expressions of the
language are evaluated. Reynolds uses the term “application order” per-



haps emphasising the common use of “evaluation order” in reference to
function-application expressions (e.g., call-by-X). For example, in call-by-
value (CBV) the argument is evaluated before evaluating the application
whereas in call-by-name (CBN) arguments are passed unevaluated. A reduc-
tion order is a related concept in reduction systems (Chapter 2).

An evaluation order implements a particular semantics. For example,
CBV implements a strict semantics whereas CBN a non-strict semantics.

Interpreters vs evaluators. In the context of the present work, an #n-
terpreter is a computable function written in an implementation lan-
guage which gives meaning in a value domain to an element in its source
domain, the latter a data type encoding the syntax of an object language.
(Reynolds [19] used the terms defining language and defined language but we
prefer to use more clear-cut terminology.) A value domain for a functional
language is typically defined thus:

Value ::= Base | Value — Value

where Base is non-functional primitive data in the implementation language
and Value — Value is an endofunction in the value domain. An interpreter
provides a denotational semantics for the object language, as it assigns a
meaning (denotation) to any program of the former. An interesting aspect of
denotational semantics is computationally: the meaning of an expression is a
composition of the meaning of its subexpressions. An important assumption
is that the implementation language’s semantics is well understood. When
the object language is a desugared version of the implementation language
then, following Reynolds [19], we call this a meta-circular interpreter,
for it defines the denotational semantics of a language in terms of “itself”.

An ewvaluator is a computable function which evaluates expressions in
the object language to other expressions in the same language. The source
and value domain coincide. An evaluator indirectly provides a (big-step) op-
erational semantics [16]. Computation in functional programming languages
amounts to the evaluation of functional applications. The value domain is
the subset of object-language expressions that cannot be evaluated further.
Some authors use reducer instead of evaluator, for evaluation is related to the
concept of reduction. We use reducer and reduction in the context of a math-
ematical reduction relation induced by some notion of reduction (Sections 2.4
and 2.8).

The distinction between interpreter and evaluator is subtle and not clear-
cut. Often values are somewhat shared by the implementation and object
languages, for example, integers may be values in the implementation lan-
guage and be embedded in the type encoding the object language. In this case
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an interpreter can be seen as a convoluted evaluator that evaluates expres-
sions by translating them on-the-fly to implementation-language expressions
and evaluating them within the implementation language.

The implementation language gets in the way. An interpreter gives
denotational meaning to an object language. An evaluator operational mean-
ing. If the object language is a desugared version of the implementation lan-
guage we have a meta-circular interpreter or evaluator. Regarding higher-
order functional languages, Reynolds [19] noted that the semantics of the
implementation language can “interfere” with the semantics of the object
language. The same can be said about evaluation order in the context of
evaluators. The culprit is the interpretation (or evaluation) of function ap-
plication. For example, if not careful, the non-strict semantics (or CBN
evaluation order) in the implementation language will be “carried over” to a
desirably strict and CBV object language

To solve the problem, Reynolds proposed the following. The use of
continuation-passing style (CPS), which makes the semantics given by the
interpreter independent of the evaluation order in the implementation lan-
guage, and “defunctionalization”, which converts the different uses of higher-
order functions to instances of a data type, turning a higher order interpreter
into a first-order one. Combining these transformations he gives four differ-
ent meta-circular interpreters: a naive one, an evaluation-order-independent
one, a first-order one, and a first-order evaluation-order-independent one.

CPS is a functional programming style where the control of the program
is passed explicitly in the form of a continuation argument to functions. A
continuation is a function which represents what to do next in a computation.
The continuation takes the result of the computation at the current point
and computes the final result from this partial result.

Using continuations, Plotkin [17] proved that is possible to simulate CBV
in a CBN language and vice versa.

The pure lambda calculus. The object language of study is the pure
or untyped lambda calculus (A-calculus for short). The A-calculus and its
extensions form the core of present-day functional programming languages.
These languages provide mechanisms for function definition and application,
computation amounts to the evaluation of applications, and functions are
first-class values. In particular, functions can be higher-order, that is, passed
to or returned by other functions as well as be part of data types. Church
introduced in 1932 the untyped A-calculus as part of his investigation in the
foundation of mathematics. He published in 1936 the portion relevant to



computation. The standard reference is [2].

The A-calculus supports the definition of anonymous functions using the
eponymous A. The expression Ax.B defines a function where the variable x is
abstracted as a formal parameter of A\-expression B. Functional application
is written M N, where M is a A-expression called operator and N is its
argument.

The A-calculus has free variables (Section 2.2) which makes its denota-
tional semantics and evaluation more involved. Most researchers have fo-
cused on an extended A-calculus with primitives (Reynolds, Plotkin, Danvy,
etc) because they are interested in semantics of full-fledged functional lan-
guages. In this work, we focus on the pure A-calculus and study evaluators
and interpreters under the presence of free variables.

Abstract Machines. A machine is typically expressed as a state transition
system determined by a language of states, an initial state, a set of final states
and a transition function from states to states. A machine provides semantics
for a programming language if we consider states containing expressions of
the language as well as other control data. Then any expression can be
interpreted by running the machine over it, and taking the final state as
the value denoted by the expression. Not every definitional interpreter is a
machine. The machine establishes fixed semantics for the language and do
not use higher-order functions. Reynolds [19] used CPS transformation to
obtain an interpreter with fixed semantics and defunctionalization to get rid
of the higher order. Danvy [7, 1] refined these techniques and largely studied
the correspondence between definitional interpreters and abstract machines.
Following Danvy, we will call abstract machines those that operate directly
on the terms of the target language, without needing an instruction set.
Landin [9] introduced the SECD machine as a mechanisation of the pro-
cess of evaluating A-calculus expressions. Danvy [7] used techniques related
to CPS transformation and defunctionalization to derive an abstract ma-
chine from any interpreter. In [1] he revealed the denotational content of the
SECD machine, which implements CBV. He also showed the equivalence of
Krivine’s machine to a CBN interpreter and the CEK machine to a CBV.
He classified the interpreters and the abstract machines derived from them.

1.2. Contributions

The contributions of this thesis are:

1. We discuss and implement in Haskell evaluators for the untyped A-
calculus that realise the foremost evaluation orders (AOR, NOR, CBN,
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and CBV, among others). We start with naive (and inaccurate) ver-
sions, discussing issues of free variables and independence from Haskell’s
evaluation order. We then present classic (non-monadic, eval-case) as
well as monadic evaluators that really implement appropriate evalua-
tion orders by dint of special features such as strict application, con-
tinuations, and monads. We address and discuss the difficulties of
overriding the implementation language’s evaluation order when im-
plementing an evaluator for a higher-order language, particularly in
the context of non-strict Haskell.

2. We present novel generic evaluators which generalise all specific ones
and are capable of implementing all evaluation orders. Genericity is
achieved by parametrisation. Generic evaluators are higher-order func-
tions whose parameters factor-out the distinctive bits of behaviour of
specific evaluators (evaluation under lambda, evaluation of parame-
ters in application, etc). Particular evaluators can be defined as fixed
points of generic ones. We present monadic and non-monadic ver-
sions of generic evaluators and investigate the parameter space or (-
hypercube, as we like to call it. A finite definition of this space contains
the salient evaluation orders. An infinite definition of a similar space
is given by means of mutually recursive fixed points. It is possible to
define evaluators that act on particular subexpressions only. Hybrid
evaluators are presented as combinations of the former. We discuss
parameter minimalisation and its impact on expressiveness.

3. We present a novel generic monadic evaluator where genericity is achieved
by means of mixins [5]. Mixins let us define elementary components
which isolate distinctive bits of behaviour so that particular evaluation
orders are defined by composing particular components.

4. We present versions of Reynolds interpreters [19] for the pure A-calculus
and a generic-parametric version that abstracts out the evaluation or-

der.

5. We discuss the possibility of deriving parametric (or ‘pluggable’) ab-
stract machines from parametrised interpreters using the techniques of
Reynolds [19] and Danvy/[1].

1.3. Related Work

Reynolds [19] first introduced techniques to properly implement an eval-
uation order when writing an interpreter for a higher-order functional lan-
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guage. We adapt Reynolds’s interpreter to the pure A-calculus. Using his
techniques we make the interpreter evaluation-order independent. After that
we generalise the interpreter (like we do with evaluators) and propose a
parametric one which can be instantiated to implement multiple evaluation
orders.

Plotkin [17] gave formal proofs of the validity of Reynolds’s CPS to solve
the evaluation-order independence problem. He simulated CBN under CBV
and vice-versa. We simulate any evaluation order in Haskell, which is call-
by-need.

Landin [9] first described an abstract machine for A-calculus, which im-
plemented a CBV strategy. We describe any order of evaluation by a single
parametric interpreter.

Danvy [7] explored the direct and inverse CPS transformation. He also
classified many interpreters with different evaluation orders and gave their
transformation to abstract machines [1]. We hope to find the transformation
of our parametric interpreter into an abstract machine. Similarly with our
evaluators.

Sestoft [21] described and implemented a variety of evaluation orders, in-
cluding the hybrid ones. We supersede those implementations by a unique
parametric evaluator, which fits uniform as well as hybrid evaluation orders.
Sestoft used SML, a strict language, whereas we use non-strict Haskell. Im-
plementation issues are significantly different.

1.4. Structure and organisation

Chapter 2 overviews the pure A-calculus with emphasis on substitution,
reduction rules, reduction orders, normal forms and recursion.

Chapter 3 shows the implementation of A-calculus evaluators for the fore-
most evaluation orders in non-strict Haskell, discussing the complica-
tions posed by free variables and Haskell’s non-strict semantics. In
particular:

Section 3.1 shows and discusses non-monadic evaluators, starting from
naive and inaccurate versions to accurate versions that really im-
plement appropriate evaluation orders, making use of diverse fea-
tures and techniques, from Haskell’s strict application to pattern
matching and continuations.

Section 3.2 shows monadic versions after introducing the monad con-
cept and its positive impact in code structure. The evaluators de-



fined are universally quantified on a monad type. We show several
appropriate monad instances for different evaluation orders.

Section 3.3 shows the parametric evaluators (single and mutually re-
cursive versions) and discusses parameter orthogonality. The para-
metric evaluator defines a parametrisation space we call the (-
hypercube. The number of dimensions in this cube is minimised
discussing the impact on expressivity.

Section 3.4 shows compositional evaluators using mixins. We define
elemental components for each feature and give every evaluation
order as a composition of elemental components.

Chapter 4 shows and discusses interpreters for the A-calculus overviewing
previous work by Reynolds and commenting on the choice of model. We
show interpreters for different evaluation orders that use environments,
and also show a parametric interpreter. We discuss the relationships
with the S-hypercube.

Chapter 5 summarises results and draws the relevant conclusions.

Chapter 6 discusses future work, in particular the development of plug-
gable abstract machines and the applicability of strategic programming
techniques to evaluators and interpreters.

Appendices: lists the code for all evaluators and interpreters.
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Chapter 2

The Untyped A-calculus

This chapter overviews the pure A-calculus with emphasis on substitution,
reduction rules, reduction orders, normal forms and recursion.

2.1. Syntax

Definition 2.1. The set of A-expressions A is defined by the following
grammar:

A =V Variables.
| AV. A A—abstractions.
| AA A—applications.
| (A) Grouping.

where V' is an infinite set of variables V =2 |y | 2 | ...

A wvariable is a M-expression. If x is a variable and B is a A-expression
then \x.B is a A-expression, known as A-abstraction, where x is the for-
mal parameter and B is the body. M-abstractions only take one formal
parameter. Currying is used to write abstractions with more than one pa-
rameter [2]. Parenthesis enclosing the body of a A-abstraction are omitted.
The body of a M\-abstraction goes from the dot to the end of the A-expression
(or a balanced left parenthesis enclosing the whole A-abstraction).

If M and N are valid A-expressions then M N (note the white space be-
tween the two expressions) is a valid A-expression known as a A-application.
By convention, application is a left-associative operation and parenthesis may
be omitted for multiple application. That is, M N O stands for (M N)O. We
also call a A\-expression a A-term.

11



We use lowercase letters (x, y, etc.) for variables and uppercase letters
M, N, etc) for A-expressions. Syntactic equivalence is denoted by the symbol

The set of A-expressions is represented in Haskell straightforwardly by
the following algebraic data type. Variables are encoded by strings instead
of characters to account for infinite of them. We include the code for a pretty
printer that shows A-expressions as strings in more mathematical syntax.

data SLTerm = Var String
| Lam String SLTerm
| App SLTerm SLTerm

deriving Eq

instance Show SLTerm where

show (Var s) = s

show (Lam s e) = "\\" ++ g ++ " " ++ show e
show (App (Var s1) (Var s2)) = si ++ " " ++ s2

show (App (Var s1) e) = s1 ++ "(" ++ show e ++ ")"
show (App e (Var s2)) = "(" ++ show e ++ ")" ++ s2
show (App el e2)

= "(" ++ show el ++ ")(" ++ show e2 ++ ")"

For example, show (Lam "x" (App (Var "x") (Var "y"))) delivers \x.xy

and typing the A-expression in the Haskell interpreter (Glasgow Haskell Com-
piler Interpreter or GHCi) delivers the same result:

*TermsPool> Lam "x" (App (Var "x") (Var "y"))
\X.xy

2.2. Free and Bound Variables

A bound variable is another way to refer to a formal parameter of a -
abstraction. It is a placeholder for the formal parameter, which may occur in
its body and the argument passed to that A-abstraction will be substituted for
it. A free variable, in contrast, does not appear bound in any A-abstraction.
It stands for a primitive, this is, the expression where it appears does not
prescribe the meaning for that variable, which can stand for whatever one.
For a A-abstraction, the occurrences of a bound variable between the \ and
the dot are said to be binding occurrences, where the occurrences in the
body are known as applied occurrences.

12



Definition 2.2. A free variable is one which does not have any binding
occurrence in any enclosing A-abstraction. A bound wariable is one which
has a binding occurrence in some A-abstraction enclosing it.

A M-expression containing free variables is called an open \-expression,
otherwise it is called a closed \-expression.

Definition 2.3. FV(E) is the set of the free variables of F and BV (E) is
the set of bound variables of E.

We use the functions

import Data.Llist

freeVars :: SLTerm -> [String]

freeVars (Var x) [x]

freeVars (Lam x b) delete x $ nub (freeVars b)

freeVars (App m n)
(nub $ freeVars m) ‘union‘ (nub $ freeVars n)

boundVars :: SLTerm -> [String]

boundVars (Var x) ]

boundVars (Lam x b) nub $ x : boundVars b

boundVars (App m n)
(nub $ boundVars m) ‘union (nub $ boundVars n)

to compute F'V and BV in Haskell.

The same name can be used for a free and a bound variable in a -
expression, but in different lexical scopes. A A-abstraction defines a lexical
scope where its bound variables are local to that scope. In a particular lexical
scope different variables must have different names. There is a global scope
where free variables live. The variable x is both free and bound in (Az.\y.x) x
(free in the last occurrence of it and bound in the binding occurrence and
the applied occurrence of the A-abstraction inside the parenthesis).

Lexical scopes can be nested the same way A\-abstractions are. Notice that
the same name could appear in nested lexical scopes, like in (A\z.(Az.x) y z) 2.
In this case the binding occurrence of a bound variable is the one in the
nearest A-abstraction binding it. Thus, the x in the outer A-abstraction will
be substituted by the argument z, whereas the x in the inner one will be
substituted by the argument y.

13



2.3. «-conversion

One expression is equivalent to the same expression after the renaming of
some of its bound variables. For example, in (Az.z) z, the variable z, which
is bound, can be renamed to y, resulting (Ay.y) z = (\z.z) 2.

Definition 2.4. M, N are a-congruent if N can be obtained after the
renaming of the bound variables of M. The process of renaming the bound
variables of a A-expression is called a-conversion.

The two expressions are equivalent in the sense that both convert to
the same expression when applying reduction rules (see Section 2.4). We
consider a-conversion at the syntactic level, rather than as a reduction rule.
This extends syntactic equivalence (=) up to a-congruence.

2.4. (-reduction

A notion of reduction is a binary relation on A [2].

Definition 2.5. A binary relation R on A is compatible when

M,N € R M,N eR M,N eR
MMM NeER ' ZM,ZNeR MZMZER

A notion of reduction R induces the following binary relations: one-step
R-reduction (£)7 R-reduction (it), and R-equality (2)

Definition 2.6. The relation 5 is the compatible closure of R:

M,N € R MEN MEN MEN
MEN " xeMExeN zMEZN T MzENZ

Definition 2.7. The relation i is the reflexive and transitive closure of ﬂ:

MEN . NEL
R* » M — M, Rx*
M — N M = L

Definition 2.8. The relation £ is the equivalence relation generated by i

mMBEN MEN MENNEL
MEN T NENM NE
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A contraction rule is a rule schema prescribing that the expressions
matching its left part must be contracted into the right part. A notion of
reduction is given by the contraction rule:

(Ax.B) N — Blz/N]

where Blx/N] is the substitution of N for x in B.
Some objections have to be made with respect to this substitution. Con-
sider the expression

F=(MxXyyz)
then, reducing F' M N we obtain

FMN = (A yyzx)MN
(Ay.y M) N
N M

—
—

so, M N — N M for any M, N. This statement is fallacious, since it is not
true with M = y and N = z, as showed by the following reduction sequence.

Fyrx = (Ar yyx)yx

— (\yyy)x
— T X

What is happening here is that the substitution of the y for the z in the
first reduction step makes the free variable y to be captured by the binding
occurrence of y, so in the second step that y will be substituted by the
parameter passed to the A-abstraction, resulting x x. We need a substitution
operation which does not capture variables.

Definition 2.9. The capture avoiding substitution Z[x/FE]., of x for E
in Z is defined by cases on Z:

z[z/E] = F

y[z/E] =y

(MN)[2/B] = M{z/E] Niz/E

(Ax.B)[z/E] = Mx.B

(\y.B)[z/E] = M\y.Blz/E] if y ¢ FV(E)

(M\y.B)[z/E] = Mz.Bly/z][z/E] if y € FV(FE), picking fresh z € FV(E) NFV(B)

We show its Haskell implementation:
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subst :: String -> SLTerm -> SLTerm —-> SLTerm

subst x v@(Var s) exp = if s == x then exp else v
subst x 1@(Lam s b) exp =
if x == s then
1
else

if not $§ elem s $ freeVars exp then
(Lam s (subst x b exp))

else
let z = fresh s §

union (freeVars exp) (freeVars b)
in Lam z (subst x (subst s b (Var z)) exp)
subst x (App m n) exp =
App (subst x m exp) (subst x n exp)

Definition 2.10. The S-rule is the contraction rule
(Ax.B) N — B[z /N]ca

The [-rule defines the one-step (-reduction relation (i), the (-reduction

relation (6—*>) (also known as full S-reduction) and the (-conversion (g) The
(-rule is the analogous of the mathematical function application inside the -
calculus. The one-step (-reduction and the (-reduction are the mechanisms
to compute something within the A-calculus. The [-conversion defines the
conversion equivalence under function application.

Definition 2.11. A reducible expression (redex) in an expression M is
any of the subexpressions of M with the form (Az.B) N.

The redexes are the subexpressions to which we can apply the G-rule. An
expression may contain several redexes, for example:

(Az.(Ay.y)z) (Az.z)2)

where the redexes are underlined.

2.5. n-reduction

There is another contraction rule called the n-rule.

Definition 2.12. The n-rule is the contraction rule

(Az.Bzx) — B, provided = ¢ FV(B)
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We use the equivalence relation 2 induced by 4 and n when exposing
recursion with the fixed point combinators, but we don’t consider the n-
reduction in our interpreters and evaluators. In Section 2.9 we abuse notation

with (Az.Bx) % p meaning the following:

(Ax.Bz) M N
BMZ N

2.6. Normal Forms

When an expression cannot be reduced any further we say that it is in
normal form.

Definition 2.13. An expression F is in normal form (NF) iff:
» F is of the form Az.N where N is in NF.
s I is of the form x Ny Ny ... N,, where N; are in NF and n > 0.
There are weaker notions of normal form.
Definition 2.14. An expression F is in weak normal form (WNF) iff:
= F is of the form \z.B with arbitrary B.
» I is of the form « W, W5 ... W,, where W, are in WNF and n > 0.
Definition 2.15. An expression F is in head normal form (HNF) iff:
» F is of the form Az.H where H is in HNF.
s F is of the form x M; M, ... M, with arbitrary M; and n > 0.

Definition 2.16. An expression E is in weak head normal form (WHNF)
iff:

s [ is of the form \z.B.

s F is of the form x My My ... M, where n > 0.
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2.7. Strict and Non-strict Semantics

Denotational semantics is the study of the assignment of meanings to
expressions. Meanings are values in an abstract and mathematical domain
which is called a semantic domain. In functional languages, semantic
domains are complete partial orders (CPOs), a mathematical domain with
a least element called bottom (L) that is the value of undefined expres-
sions, and a partial approximation or less-defined-than relation [22]. In the
untyped A-calculus, like in functional languages, undefined expressions are
those without normal form, this is, expressions which an infinite reduction
sequence.

Definition 2.17. A semantic function [ ]| is a mathematical function which
takes an expression in the object language and gives a value in any semantic
domain.

Definition 2.18. A function is strict on an argument if the result of the
application is undefined (e.g., non-terminating) when the argument is unde-
fined. The function is non-strict if the result is defined when the argument
is undefined. Strictness is related to argument usage.

The notion of strictness applies to the meaning of redexes in the A-
calculus. There are A-abstractions whose reduction does not terminate in
any reduction order. Self-application is used in the typical example Q =
(Azx.zx)(Az.xx). We say [M] = L when M’s reduction does not terminate
in any reduction order. Abusing language, we say Ax.B is strict on x when
[(Ax.B)] L=1

2.8. Evaluation Orders

The compatibility of g-reduction entails the recursive application of the
(-rule over every redex of an expression, but the mathematical notion of
(G-reduction does not specify which redex should be reduced first inside an
expression with multiple redexes. This makes the direct implementation
of the full g-reduction impractical. For that reason an evaluation order is
needed that specifies which redex has to be reduced.

Definition 2.19. An evaluation order is a non-compatible reduction re-
lation, which selects a particular redex in the expression being reduced and
applies the g-rule to it.

We will describe the evaluation strategies using big-step semantics, this
is, the transition rules are specified describing the final result of the reduction
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relation, instead of the immediate result delivered by a single transition, as
done in small-step semantics [16].

When evaluating an expression, we can traverse the syntactic tree in
several ways. If we select the leftmost-innermost redex first, the expression
(Ax.(Ay.y) z) ((Az.x) z) would be reduced in the following way.

Ax.(A\y.y) z) (A\z.x) 2) LA (Ax.z) (A\z.x) 2)
B

(\r.x) z z

In this reduction sequence we reach the expression z which does not match
the head of the (-rule hence it cannot be reduced any further. Leftmost-
innermost is called applicative order [2].

Definition 2.20. Applicative order (AOR) is the evaluation order which
reduces first the leftmost-innermost redex, defined by the following natural
deduction rules:

BZ B
Av.B% \e.B'

aor aor aor

M%) xeB NN  Bz/N|.2E
MNZFE ’
MM #xx.B N2ZN
M N % M N

r—x,

Applicative order is said to be an eager evaluation order, because the
argument of an abstraction is valuated as soon as possible, substituting its
reduced form in the body of the abstraction. Another eager evaluation order
is possible, if we do not consider reducing the body of unapplied lambda
abstractions. This is called call-by-value (CBV).

Definition 2.21. Call-by-value (CBV) is the evaluation order defined by
the rules:

cbv cbv
r—x , \x.B—= \t.B ,

M%xeB NEN  B/N.ZE
MN%E ’
MM £ B NN
M N M N
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AOR and CBYV differ in the former evaluates the body of A-abstractions
whereas the latter does not. Those evaluation orders consider the case where
the operand in an A-application is a variable or an application of irreducible
expressions. This is so because the A-calculus contains open A-expressions,
with free variables which does not stand for any formal parameter of a A-
abstraction. An interpreter could forbid this situation, and treat always
with closed A-expressions, whose denotational content is always determined
by the expression. Alternative it would force the use of an environment
binding every free variable in the A-expression. None of these are our case,
where we just evaluate A-expressions to some notion of irreducible expression
(Section 2.6). This applies also to the remaining evaluation orders we are
describing in this section.

We can classify the evaluation orders attending to the fact if they im-
plement strict or non-strict semantics. Evaluation orders imposing strict
semantics evaluate arguments before substituting them in the body of the
abstractions, whereas the ones imposing non-strict semantics substitute the
unevaluated form of the argument in the body and then evaluate the resulting
expression.

The evaluation order implementing non-strict semantics dual to CBV is
known as call-by-name (CBN)

Definition 2.22. Call-by-name (CBN) is the evaluation order following
the rules:

cbn cbn
r—x , \x.B—= \x.B ,

cbn cbn

M® ) 2. B Blz/Nw 2 E
MN®E ’

MM #£\2.B
M N M N

There is an evaluation order imposing non-strict semantics that reduces
the bodies of unapplied A-abstractions. It is called normal order (NOR)
and is an hybrid evaluation order which uses CBN to evaluate the operator
in a A-application. NOR corresponds to a leftmost-outermost strategy.

Definition 2.23. Normal order (NOR) is the evaluation order which re-
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duces first the leftmost-outermost redex, according to the rules:

nor B 72’; B/
Tr — ill', ? nor ?
\e.B = \x.B’
M e. B Blz/NW" S E
MN™E ’
MM #£xeB MM NSN
M NX M" N’

Some authors consider also the head spine evaluation [21]. This is an
order that evaluates A-abstractions but only when they are in head position.

Definition 2.24. If M is subexpression of N then we say M is in head
position when M = N. For example, there is a A-abstraction in head
position in the expression Az.(zy) 2.

Definition 2.25. Head spine evaluation (HE) is the evaluation order which
reduces the body of A\-abstractions when they are in head position. The rules
defining it are:

he B h_€) B/
xr — T he )
\e.B = \z.B’
M 2B Blz/N). S E
MN™E ’
M M # 2B
M NS N

CBV, AOR, CBN and HE are called uniform evaluation orders, because
they can be defined recursively in terms of themselves. The hybrid evalua-
tion orders, in contrast, are defined in terms of some others, like NOR, which
is defined in terms of CBN and itself. Other hybrid evaluation orders exist
in the literature, like the hybrid applicative order (HA) and the hybrid
NOR (HN) [21].

HA is an order similar to AOR where the operator of a A-application
is evaluated with CBV. It implements strict semantics, but no that strict
than the ones implemented by AOR. This means that there are some expres-
sions whose evaluation with HA terminates, but they evaluate to undefined
with AOR. In particular, an expression containing an undefined argument
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in the body of a A-abstraction in the operator position of a A-application
may terminate when evaluating it with HA. This makes possible the evalu-
ation of recursive functions to NF using the Z fixed point combinator (see
Section 2.9).

Definition 2.26. Hybrid applicative order (HA) is the evaluation order
according to the rules:

o BMp
xr — T > ha )
\e.B = \z.B’
M \e.B  Blz/N. S E
MN™ME ’
MY M £ xeB MMM NXN
MNM MmN

HN is the analogous to NOR but using HE to evaluate the operator of a
A-application.

Definition 2.27. Hybrid NOR (HN) is the evaluation order according to
the rules:

hn B h—n> B/
r — T hn )
\e.B = \z.B’
M xe.B Blz/N.2FE
MN™M™E ’
M52 M £ MDZM NN
M NS MmN

Another well-known evaluation order is call-by-need (CBD). CBD is a
strategy where each redex is reduced at most once. It needs sharing and
memoization. This strategy is based on graph reduction and will not be
covered in this thesis. CBD is the strategy used in Haskell, which will be our
defining language. It will be enough to consider that it implements non-strict
semantics.

CBV, AOR and HA implement strict semantics, they are said to be ea-
ger, whereas CBN, NOR, HE, HN and CBD implement non-strict ones.
CBD only evaluates each redex at most once, therefore it is called lazy eval-
uation.

22



Normal forms and evaluation orders [21]:
= AOR, NOR, HA, and HN evaluate to NF.
» CBV evaluates to WNF.
» CBN evaluates to WHNEF.

» HE evaluates to HNF.

2.9. Recursion

A recursive function is a function defined in terms of itself. It is well-
known how to write recursive functions in the pure A-calculus, which has no
function naming mechanism. We illustrate with an example. Consider the
informal definition:

fac = Mn. cond (isZero n) one (mult n (fac (pred n)))

The above primitives (cond, isZero, etc) are abbreviations for their A-calculus
encoding [2]. Our informal naming mechanism = does not exist in the -
calculus. The trick is to define recursive functions as fixed points of higher-
order abstractions (called functionals), and to use a fixed point “finder” A-
expression (or combinator, for it is a closed A-expression). In our case the
functional is:

Fac = \f.An. cond (isZero n) one (mult n (f (predn)))

Recall we use syntactic equality (=) as an abbreviation meta-notation, noth-
ing is being named.

A mathematical foundation of recursion is Tarski’s fixed point theorem
[22] which says that every recursive functional has a least fixed point. We
recall that f is a fixed point of F' when F'f = f. In the A-calculus there is
an equivalent fixed point theorem stating that any functional \-expression
F has a A-expression X such that X = F' X [2]. Furthermore, there exists
several fixed point combinators C' such that CF = F(CF) and CF = X.
One of the most common is the Y combinator, due to Haskell B. Curry:

Y =M. (f (z2))) Az.(f (z2)))

23



which is indeed a fixed point combinator:

Y F

=  {Y=M.0w(f(z2)) Az.(f (z2)))}
Az (f (z2))) M. (f (z2)))) F

8

B

—

{by inverse B-reduction}
F(AQa.f (z ) (M. f (22)))F)
= {Y =X .0w(f (z2) Az.(f (z2)))}
F(YF)

s

If we consider the application of (Y Fac) to some argument N we have the
following reduction sequence in CBN:

(Y Fac) N

B Y =M (f (22) Qo (f (v2))}
Fac (Y Fuc) N

—  {Fac = Xf.Mn.cond (isZeron) one (mult n (f (predn)))}
(An.cond (isZeron) one (multn (Y Fac) (predn)))) N

cond (isZero N) one (mult N ((Y Fac) (pred N)))
2 {Iv >0
mult N ((Y Fac) (pred N))

mult N ((Fac (Y Fac)) (pred N))

B {[pred N] > 0}
mult N (mult (pred N) (Y Fac) (pred (pred N))))

mult N (mult (pred N) (... one ...))

The result is the factorial of N.
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The Y combinator will not work under eager evaluation because in Y (FacY)
it will evaluate the argument FacY indefinitely. The Z combinator is used
instead:

Z = M.(Ar.(f (\y.(z2)y))) Az.(f (Ay.(zx)y)))

We show it at work under CBV (recall Section 2.5):

ZF

{Z =M. (f Qu-(z2) ) A.(f (A\y-(z2) y)))}
A (f (. (z2) y))) Qe (f Ay-(z2) y))) F

—  {F is a A-abstraction}
M. F (Ay(xz)y)) (Ae.F (Ay.(zx)y))

F Ay F (Ay.(z2) y)) (A F (Ay.(x2) y)) y)
{by inverse (-reduction}
F(Ay(ZF)y)
= {by n-conversion}
F(ZF)

In this case the argument passed to the recursive function f is lifted to a A-
abstraction (At.ft) which is called a thunk. This prevents f to be evaluated
under CBN and CBYV, as it appears in the body of a A-abstraction. To force
the evaluation of f an arbitrary terminating argument (a dummy argument
denoted by _) is passed. When using Z to write a recursive function, the
branches of the conditional must be lifted to thunks also, and the dummy
argument must be passed to the invocations of the recursive function (notice
that passing the formal argument of the thunk where the recursive call takes
place is equivalent).

The factorial function is rewritten to work with Z and CBV in the fol-
lowing way:

Fac = \f.An.cond (isZeron) (At.one) (At.mult n ((f (predn))t))

We show the use of Z in action. We write [E]cpy for the result (if any) of
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reducing F with a CBV strategy:

((Z Fac) N) -
1Z =M.z (f Qw.(z2)y))) QAz.(f (Ay.(z2)y)))}
(A -z (f My (z2) ) Q. (f (\y-(z ) y))) Fac) N) -

((Ax.Fac (\y.(xz)y)) (Az.Fac (Ay.(xz)y))) N) -

((Fac (Ay.((Az.Fac (M\y.(x x),y)) (A\x.Fac (A\y.(zx)y)))y)) N) -
{Z_Fac = (M\z.Fac (M\y.(xx)y)) (Ax.Fac (M\y.(zx)y))}

((Fac (A\y.(Z_Fac)y)) N) _

{Fac = \f.Mn.cond (isZeron) (At.one) (ANt.mult n ((f (predn))t))}
((An.cond (isZeron) (At.one)
(M.mult n ((\y.(Z_Fac) y) (predn))t))) N) -

{N is in WNF}
(cond (isZero N') (At.one) (At.mult N ((\y.(Z_Fac)y) (pred N))1))) -

{[N] > 0}
(At.mult N ((\y.(Z_Fac)y) (pred N))t)) -

mult N (((M\y.(Z _Fac)y) (pred N)) _)

{mult_N = [mult N]cpy}
mult_N ((A\y.(Z_Fac)y) (pred N)) _)

{pred_N = [pred N|cpy, [pred_N] > 0}
mult_N (mult pred_N (((A\y.(Z_Fac)y) (pred pred_N)) ))

{mult_pred_N = [mult pred_N|cpy, ...,one = [one]cpy }
mult_N (mult_pred_N (... one ...))

The result is the factorial of N.

2.10.

Illustrative \-expressions used in the code

We select a set of illustrative A-expressions to be evaluated or interpreted
by our code. Each expression is representative of some features of the A-
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calculus. The results given from them show up the peculiarities in the variety
of evaluators and interpreters presented in this thesis.

Identity and simple redex. When applying ident to some expression
it must return the expression itself whereas redex is a A-expression that is
always evaluated.

Lam an (Var "X")
App (Lam an (Var an)) (Var "X")

ident
redex

*TermsPool> ident
\x.x
*TermsPool> redex

(\x.x)x

Capturing avoiding substitution. This expression is used to illustrate
capture avoiding substitution at work. It must provoke the renaming of the
bound y variable.

capture = App (Lam "x" (Lam nyn (Var "x"))) (Var nyu)

*TermsPool> capture
Ax.\y.x)y

Application of Variables. These expressions test behaviour on non-redex
normal forms consisting of applications of free variables:

free = App (App (Lam "x" (App (Var "x") (Var "y")))

(Var an))
(App (Lam "y" (App (Var "z") (Var "y")))
(Var uyn))

varApp = App (Var "x") (Lam "x" (Var "y"))

*TermsPool> free
(A\x.x x)(A\y.z y)y)
*TermsPool> varApp
x(\x.y)
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Church numerals. We use numerals for the factorial function. We build
them up from the zero and the auxiliary suc function. Notice that they are
not the canonical form for Church numerals, but an unreduced version.

zero = Lam "f" (Lam "x" (Var "x"))
one = App suc zero
two = App suc one
three = App suc two

*TermsPool> zero

\f.\x.x

*TermsPool> one

(\n.\f. \x.f((n £)x)) (\f.\x.x)

*TermsPool> two

An. \f.\x.f((n £)x))(A\n.\f.\x.f((n £)x)) (\f.\x.x))

*TermsPool> three

An. \f.\x.f((n £)x))(A\n.\f.\x.£((n £)x))
(A\n.\f.\x.f((n £)x)) (\f.\x.x)))

Strictness. These expressions contain undefined subexpressions. omega
must make every evaluator and interpreter run forever. Evaluators and inter-
preters which evaluate under A-abstraction must run forever with lamOmega
whereas the rest must not. constOmega tests if the evaluator or interpreter
implements strict semantics.

omega = App twice twice
where twice = Lam "x" (App (Var "x") (Var "x"))
lamOmega = Lam "x" omega

constOmega = App (Lam "x" (Var "y")) omega

*.TermsPool> omega

(A\x.x x) (\x.x %)
*.TermsPool> lamOmega
\x. (\x.x x) (\x.x %)
*TermsPool> constOmega

A\x.y) ((\x.x x) (\x.x %))

Recursion. We illustrate how to implement recursion in the A-calculus.
We have the two versions seen in Section 2.9, the one with the Y combinator,
which is appropriate with non-strict evaluation orders that do not evaluate
under A-abstraction, and the one with the Z combinator, which is appropriate
for strict evaluation orders that do not evaluate under A-abstraction. We use
the auxiliary functions cond, isZero, one, mult and pre.
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y = Lam "f" (App fTwice fTwice)
where fTwice = Lam "x"
(App (Var "f")
(App (Var "x") (Var "x")))
fact = Lam "f"
(Lam "n"
(App (App (App cond (App isZero (Var "n")))
one)
(App (App mult (Var "n"))
(App (Var "f") (App pre (Var "n"))))))

z = Lam "f" (App fYTwice fYTwice)
where fYTwice = Lam "x"
(Lam "y"
(App (App (Var "f")
(App (Var "x") (Var "x")))
(Var "y")))
fact_d = Lam "f"
(Lam "n"
(App (App (App cond (App isZero (Var "n")))
(Lam "d" one))
(Lam "d" (App (App mult (Var "n"))
(App (App (Var "f")
(App pre (Var "n")))
(Var "d"))))))

*TermsPool> y

\f.(\x.f(x x))(\x.f(x %))

*TermsPool> fact

\f.\n. (CA\c.\t.\f.(c ©)E) ((\n.(@((\x.\y.x) \p.\q.9)))
Ap-\q.p))n)) ((\n.\f.\x.f((n £)x)) (\f.\x.x)))
((A\m.\n.\f.m(n £))n) (£((\x.\y.\z. ((x(\p.\q.q(p ¥)))
((\p.\q.p)2)) (\x.x))n)))

*TermsPool> z

\f. (\x.\y. (£ (x 2))y) \x.\y. (£ (x x))y)

*TermsPool> fact_d

\f. \n. ((CA\c.\t.\f.(c £)E)((\n.(m((\x.\y.x) \p.\q.9)))
Ap-\g.p))n)) (\d. \n.\f . \x.f((n £)x)) (\f.\x.x)))

A\d. ((\m.\n.\f.m(n £))n) ((£(\x.\y.\z. ((x(\p.\q.q(p ¥)))
(A\p-\q.p)z)) (\x.x))n))d))
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The whole code for the illustrative expressions and the auxiliary functions
(suc, cond, isZero, pre, mult) can be found in Appendix A
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Chapter 3

Evaluators for the Untyped
A-calculus

In this chapter we discuss and implement A-calculus evaluators for the
foremost evaluation orders in non-strict Haskell. We discuss the complica-
tions posed by free variables and Haskell’s non-strict semantics. We assume
the Haskell representation of A-expressions given in Section 2.1. We are not
interested in issues of representation and efficient substitution. We are happy
with the standard notion of substitution given in Chapter 2. In Section 3.1
we present evaluators in classic, non-monadic style. In Section 3.2 we present
evaluators in monadic style [23]. In Sections 3.3 and 3.4 we present, respec-
tively, parametric and mixin-based generic evaluators.

We identify two main styles of writing evaluators in Haskell:

Eval-apply: Application evaluation is performed by an auxiliary apply func-
tion that pattern matches on expressions to force their evaluation. This
is the style often found in the literature because the implementation
languages chosen lack case expressions.

Eval-case: Application evaluation is performed by a case expression that
pattern matches on expressions to force their evaluation. Haskell sup-
ports case expressions and we use them systematically for they dis-
pense with the need for an extra apply thus simplifying the code.

3.1. Non-monadic Evaluators

3.1.1. Naive Evaluator

A naive CBV evaluator for the untyped A-calculus is shown below. All
naive evaluators are shown in Appendix B.
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evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) v
evalCBV 1@(Lam v b) 1
evalCBV (App m n)
let m’ = evalCBV m
n’ = evalCBV n
in case m’ of
(Lam v b) -> evalCBV $ subst v b n’
-> App m’ n’

We are using pattern matching to define our evaluator by case analysis on
the patterns of their input. Pattern matching can be used in the definition
of a function, where the body of the matching rule follows the =, or after a
case of sentence, where the delimiter —> specifies the body for that case.
For example, the lines:

evalCBV (App m n) =
let m’ = evalCBV m
n’ = evalCBV n
in ...

indicate the behaviour of the evaluator in the case of A-applications. When
applied to an expression e, the former is evaluated to WHNEF, that is, to
an expression of the form App e; es where ey, ey are arbitrary expressions.
Variable m is matched with e; and variable n is matched with ey, which
are then used in the left side to deliver the result. Patterns may have the
wildcard _, which matches any expression. That expression is ignored in the
right side, like in:

in case m’ of
(Lam v b) -> evalCBV $ subst v b n’
_> App m) n)

where App m’ nisreturned in case m’ does not match the pattern (Lam v b)),
no matter which expression is m’. Pattern matching also allows @ notation
to refer, in the left side, to the whole expression being matched, as was used
in the first line of the evaluator:

evalCBV v@(Var s) = v

where v stands for the whole parameter of the function.

In CBV, arguments in redexes must be evaluated before substituting their
result in the body of the abstractions. However, Haskell has a CBD evalua-
tion order and Haskell expressions are evaluated on demand. The bindings
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within a let are not evaluated until they are used by the expression after
the in. Consequently, n’ (which contains a call to evalCBV) is passed to
subst unevaluated, contrary to CBV. The interference of the implementa-
tion language’s evaluation order was noted by Reynolds [19] in the context
of definitional interpreters.

We run several tests taking A-expressions from Section 2.10

*NaiveCBV> evalCBV ident
\X.X
*NaiveCBV> evalCBV redex
X
*NaiveCBV> evalCBV capture
\yl.y
*NaiveCBV> evalCBV free
(x y)(z y)
*NaiveCBV> evalCBV varApp
x(\x.y)
*NaiveCBV> evalCBV two
\EAx. ECCANE A\ ECCA\EN\x.x)E)x))E)x)
*NaiveCBV> evalCBV omega
C-c C-cInterrupted.
*NaiveCBV> evalCBV lamOmega
\x. (\x.x x) (\x.x %)
*NaiveCBV> evalCBV constOmega
y
*NaiveCBV> evalCBV $ App (App y fact) three
C-c C-cInterrupted.
*NaiveCBV> evalCBV $ App (App (App z fact_d) three) (Var "_")
\f. O\ A\x. FCCAE A\ FCCAE A FCCAN\EN\X.x)E)x))E)x))E)x))
(A\f. O\y.\z. (C(\f\x. £CCA\E\x. £(CA\Ef . \x.f
((A\EA\x.)E)x))H)x)))x)) (\p.\q.q(p v))) ((\p.\gq.p)2)) (\x.x))
(A\f. Ay \z. ((Ay. \z. (CANf \x. £CCAE A\x £CCA\E . \x.
((A\EA\x.)E)x))H)x)H)x)) (\p.\q.q9(p v))) ((\p.\gq.p)2)) (\x.x))
Ap-\g.9(p VN (A\p.\q.p)z)) \x.x)) ((\f.\x.f
(CA\Ef.\x.x)f)x))E))E))f)
*NaiveCBV>

The Church numeral is just reduced to WNF. The evaluator returns for
lamOmega (because CBV does not evaluate the body of A-abstractions) and
wrongly from constOmega. This is because in this naive version Haskell non-
strict semantics is interfering. The factorial function works only with the Z
combinator, and yields a WNF as result.
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Haskell offers the ability to force evaluation® via pattern matching and
via some primitive operators for strict application. We can rewrite the naive
evaluator using this mechanisms (Section 3.1.2 and Section 3.1.3)

3.1.2. Evaluator Using Pattern Matching

Using pattern matching we can force Haskell to evaluate some expression.
In the naive evaluator (Section 3.1.1), for example, we know m’ is evaluated
because we try to match that expression to the pattern Lam v b. We can
apply the same trick to the n’. (Appendix C shows similar versions for other
evaluation orders.)

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s)
evalCBV 1@(Lam v b)
evalCBV (App m n)
let m’ = evalCBV m
n’ = evalCBV n
in case m’ of
(Lam v b) -> case n’ of
(Var _) -> evalCBV $ subst v b n’
_ -> evalCBV $ subst v b n’
-> case n’ of
(Var _) -> App m’ n’
_ -> App m’ n’

v
1

Notice the redundancy which cannot be factored out: at least one pattern
case must be provided to force evaluation, a single case with wildcard will
not work. Running the evaluator we get:

*PatternCBV> evalCBV ident
\X.X

*PatternCBV> evalCBV redex
X

*PatternCBV> evalCBV capture
\yl.y

*PatternCBV> evalCBV free

x y)(z y)

*PatternCBV> evalCBV varApp
x(\x.y)

'From now on we use evaluation in italics when referring to Haskell’s evaluation.
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*PatternCBV> evalCBV two
\EA\x ECCAVEA\x ECCANEAN\x.x) ) %)) £) %)
*PatternCBV> evalCBV omega

C-c C-cInterrupted.
*PatternCBV> evalCBV lamOmega
\x. (\x.x x) (\x.x %)
*PatternCBV> evalCBV constOmega

C-c C-cInterrupted.
*PatternCBV> evalCBV $ App (App y fact) three

C-c C-cInterrupted.
*xPatternCBV> evalCBV $ App (App (App z fact_d) three) (Var "_")
\E.O\VEA\x ECCONE A\x ECCANE A\ ECCA\E A\ x)E)x))E)x))£)x))
(A\f. O\y.\z. (CA\Ef\x.FCCANEA\x. FCCA\E . N\x. f
(CANEN\x.)E)x))H)x))E)x)) (\p.\g.q(p y))) (\p.\gq.p)z)) (\x.x))
(A\f. Ay \z. (CA\y.\z. (CO\NE A\ £CCANE A\ ECCANE N\ £
(CA\NEA\x.)E)x))H)x))H)x)) (\p.\q.q9(p v))) ((\p.\g.p)2)) (\x.x))
Ap-\g.9(p VN (A\p.\q.p)z)) \x.x)) ((\f.\x.f
(CA\f\x.x)E)x))£))£))f)
*PatternCBV>

The results are as expected. The evaluator never returns for omega and
for constOmega, reflecting strict semantics. Recursion works with the Z
combinator.

3.1.3. Evaluator Using Strict Application

Haskell has explicit function application operators, a non-strict one ($)
and a strict one ($!). Strict application forces the evaluation of its second
argument endowing Haskell with CBV function application.

We can write the CBV evaluator using this operator. (Appendix D shows
similar versions for other evaluation orders.)

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) v
evalCBV 1@(Lam v b) 1
evalCBV (App m n) =

let m’ = evalCBV m

n’ = evalCBV n
in case m’ of
(Lam v b) -> evalCBV $ subst v b $! n’

=> App m’ $! n’
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Running the evaluator we have:

*3trictCBV> evalCBV ident
\x.x
*3trictCBV> evalCBV redex
X
*3trictCBV> evalCBV capture
\yl.y
*StrictCBV> evalCBV free
(x y)(z y)
*3trictCBV> evalCBV varApp
x(\x.y)
*StrictCBV> evalCBV two
N A\x ECCANE A\x ECCANE A\x.x)£)x) ) £)%)
*3trictCBV> evalCBV omega
C-c C-cInterrupted.
*3trictCBV> evalCBV lam(Omega
\x. (\x.x x) (\x.x %)
*3trictCBV> evalCBV constOmega
C-c C-cInterrupted.
*StrictCBV> evalCBV $ App (App y fact) three
C-c C-cInterrupted.
*StrictCBV> evalCBV $ App (App (App z fact_d) three) (Var "_")
\E.O\E A\ ECCANEN\x ECCAE A\ ECCA\NEN\x.x)E)x))E)x))E)x))
(A\f. O\y\z. (CA\EA\x.FCCOEA\xECCO\EN\x. £
(CANf\x.x)E)x))H)x))E)x)) \p.\g.qp y¥))((\p.\q.p)z)) (\x.x))
(A\f. O\y.\z. (CA\y.\z. (CANEf\x £CCANE A\ £CCA\E\x.
(CANfA\x.x))x))£)x)))x)) (\p.\q.qp y))) ((\p.\q.p)z)) (\x.x))
Ap-\q.9(p VN (A\p.\q.p)z)) \x.x)) ((\f.\x.f
(CA\EfA\x.x)E)x))£))£))f)
*StrictCBV>

which are the expected results.

Strict application is defined in terms of the strict sequencing operator
seq which is a Haskell primitive (it cannot be programmed in CBD) whose
semantics is described by the following equation ([8]):

L if [a] =L

lseqab] = {[[b]] if [a] #£L

Strict application is implemented in terms of seq:
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($!) :: (@a->b) >a->bD
f $! x=x ‘seq f x

Evaluators can be written using seq directly. (Appendix E shows similar
versions for other evaluation orders.)

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) =y

evalCBV 1@(Lam v b) =1
evalCBV (App m n) =
let m’ = evalCBV m

n’ = evalCBV n
in case m’ of
(Lam v b) -> n’ ‘seq‘ (evalCBV $ subst v b n’)

4

->n’ ‘seq‘ (App m’ n’)

3.1.4. Evaluator Using Continuations

Reynolds [19] applied continuation-passing style to implement an inter-
preter for a simple applicative object language that implemented the right
evaluation order. Plotkin [17] used the same technique to implement CBV
in CBN and vice-versa. Hatcliff and Danvy [7] extended this technique giv-
ing transformations from direct style to CPS and vice-versa, using Moggi’s
computational metalanguage [12].

Recall from Chapter 1 that continuation-passing style is a functional
programming style where the control of the program is passed explicitly in the
form of a continuation argument to functions. A continuation is a function
which represent what to do next in a computation. The continuation takes
the result of the computation at the current point and computes the final
result from this partial result. A function in CPS style takes a continuation
and returns the result from applying that continuation to its partial result.
Of course, one continuation can be the result of passing a continuation to a
CPS function, which takes another continuation, and so forth. Eventually, a
primitive continuation, which is not the result of passing any other continu-
ation to a CPS function, may be passed (often the id function). This makes
the control of the program explicit and accessible to the programmer.

A CPS function may take some arguments of arbitrary types and then
must return the type (a => r) -> r where a is the type of the partial result
of the function, (a -> r) is the continuation and r is the type of the final
result of the whole computation.
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To give an example, consider the program that takes an integer, multi-
plies it by two and then adds one to the result. Without continuations this
program can be implemented as follows:

byTwo :: Int -> Int
byTwo n = 2 * n

addOne :: Int -> Int
addOne n = n + 1

mainProgram :: Int -> Int
mainProgram n = addOne $ byTwo n

In order to transform this program into CPS the types of the elementary
functions (byTwo and addOne) must accept a continuation an give a result.

byTwoCPS :: Int -> (Int -> r) -> r
byTwoCPS n ¢ = ¢ (2 * n)

addOneCPS :: Int -=> (Int > 1) > T
addOneCPS n c =c (n + 1)

The mainProgram must also change, passing each function as the continua-
tion of the previous one, ending with the id continuation:

mainProgramCPS :: Int -> Int
mainProgramCPS n = byTwoCPS n (\x -> addOneCPS x id)

The same idea can be used to explicitly manage the evaluation of the subex-
pressions in a CBV evaluator, like in the following code. (As before, Ap-
pendix F shows CPS implementations for other evaluation orders.)

evalCBV :: SLTerm -> (SLTerm -> r) -> r
evalCBV v@(Var s) c=cvV
evalCBV 1@(Lam v b) c cl
evalCBV (App m n) ¢

evalCBV m

(\m’> -> evalCBV n

(\n’ -> case m’ of
(Lam v b) -> evalCBV (subst v b n’) ¢

->c $ App m’ n’))
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The explicit management of the program control implements the intended
eager evaluation in the lazy Haskell’s evaluation. Every invocation of the
evaluator pushes its actions into the continuation, which is the future of
the computation, and pass the new continuation to the recursive invocation
of the evaluator. This way, when the whole computation (which has been
sliced into continuations consisting of CPS functions taking continuations. . . )
is evaluated, the result corresponds to the intended semantics. Running the
evaluator over the tests:

*ContCBV> evalCBV ident
\x.x
*ContCBV> evalCBV redex
X
*ContCBV> evalCBV capture
\yl.y
*ContCBV> evalCBV free
(x y)(z y)
*ContCBV> evalCBV varApp
x(\x.y)
*ContCBV> evalCBV varApp
(x y)(z y)
*ContCBV> evalCBV two
\E A\ ECCAVE X ECCANEA\x. x)E) %)) £) %)
*ContCBV> evalCBV omega
C-c C-cInterrupted.
*ContCBV> evalCBV lamOmega
\x. (\x.x x) \x.x %)
*ContCBV> evalCBV constOmega
C-c C-cInterrupted.
*ContCBV> evalCBV $ App (App y fact) three
C-c C-cInterrupted.
*ContCBV> evalCBV $ App (App (App z fact_d) three) (Var "_")
\E. O\ Ax ECCANE A\Ax £ CCANE A\ ECCAVE A\ ) £)x)) ) %)) £) %))
(A\f. Oy \z. (CA\NEA\x. FCCANEN\x FCCA\EN\x. f
((ANEA\x.)E)x))H)x)H)x)) \p.\q.q9p v)))(A\p.\g.p)z)) (\x.x))
(A\f. O\y.\z. ((A\y.\z. (CO\f \x.£CCA\EA\x.£CCA\E\x. £
(C(A\E\x.)E)x))H)x))E)x)) (\p.\q.qp v))) ((\p.\g.p)2)) (\x.x))
Ap-\g.q ) (A\p.\q.p)z)) (\x.x)) ((\f.\x.f
(CA\f\x.x)f)x))£))£))f)

we confirm that the CPS mechanism preserves the intended semantics.
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3.2. Monadic Evaluators

Moggi [12] first used monads in programming languages semantics and
Wadler [23] adopts them to structure functional programs. A monad is a
category-theoretical concept which lets the representation of different no-
tions of computations, which may entail side effects, as different types in
a pure functional programming setting. A pure computation can be lifted
to monadic, and two monadic computations can be sequenced obtaining a
new monadic computation. Wadler showed how to change some features
of a monadic program using different monads and minimal changes in the
program. He proposed the implementation of an evaluator for a simple pro-
gramming language that can be extended with additional features with the
use of monads.

Following a similar idea, we propose a monadic evaluator where the strate-
gies to get rid of the semantics issues are encapsulated in monads. Then,
varying the monad those strategies can be selected. This leads to a clearer
and untangled implementation for our evaluators.

3.2.1. Monads

Monads are constructs from category theory that are very useful in func-
tional programming. In particular, they provide a formal means of dealing
with side effects. The monad is a functor (a mappable type constructor)
which satisfies identity and associative laws:

Definition 3.1. A monad is a functor and three operations, return, (>=),
and join satisfying certain laws [3]. We are interested in the first two and
their laws which are defined in the Haskell standard Monad class [14]:

class Monad m where

(>>=) ::ma->((a->mb) >mbd
>>) c:ma->mb->mb

left-identity: return x >>= f = f x
right-identity: m >>= return = m
associativity: (m >>= f) >>= g =m >>= (\x -> f x >>= g)

Haskell’s type system is not powerful enough to check that the axioms
are met. Programmers must prove the axioms.
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In words, the return function lifts pure types into monadic types. The
(>>=) sequences monadic computations. In the example we can see a func-
tion that takes and integer, multiplies it by two and then adds one to the
result in a monadic style:

byTwoAddOne :: Monad m => Int -> m Int
byTwoAddOne = (\n -> return (n * 2) >>=
(\n’ -> return (n’ + 1)))

Haskell offers the do notation which is syntactic sugar for uses of return and
(>>=) notation. The previous example is rewritten in do notation as follows:

byTwoAddOneDo :: Monad m => Int -> m Int
byTwoAddOneDo = \n -> do n’ <- return $ n * 2
return $ n’ + 1

Notice the imperative taste. A function returning a monadic type must
appear in each line, whose inner parameter can be saved for the next lines
using the <- notation.

3.2.2. Basic Monadic Evaluator

We write naive evaluators in monadic style, replacing let expressions by
do expressions. The CBV evaluator follows. (Appendix G shows versions for
other evaluation orders.)

evalCBV :: Monad m => SLTerm -> m SLTerm
evalCBV v@(Var s)
evalCBV 1@(Lam v b)
evalCBV (App m n)
do m’ <- evalCBV m
n’ <- evalCBV n
case m’ of
(Lam v b) -> evalCBV $ subst v b n’
-> return $ App m’ n’

return v
return 1

The type variable m stands for any monad, so the type of the evaluator
is overloaded. The evaluator does not implement any monad. It must be
instantiated, taking some existing monad, to a particular evaluator which
implements a semantics preserving strategy.

Not every monad leads to a semantics preserving evaluator. If we instan-
tiate the monadic evaluator with the trivial IdMonad:

data Id a = In { out :: a }
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instance Monad Id where
return = In
m>>=t t (out m)

we obtain an CBV evaluator equivalent to the naive one (Section 3.1.1),
because the return wraps the expression in a new data type and the >>=
passes the unwrapped expression to the £ function. When applied to the
battery of tests it behaves like the naive version:

*MonadCBV> evalCBV ident :: Id SLTerm
\X.X
*MonadCBV> evalCBV redex :: Id SLTerm
X
*MonadCBV> evalCBV capture :: Id SLTerm
\yl.y
*MonadCBV> evalCBV free :: Id SLTerm
x y)(z y)
*MonadCBV> evalCBV varApp :: Id SLTerm
x(\x.y)
*MonadCBV> evalCBV two :: Id SLTerm
\f. \x. f(CA\Ff. \x.f((\f.\x.x)f)x))f)x)
*MonadCBV> evalCBV omega :: Id SLTerm
C-c C-cInterrupted.
*MonadCBV> evalCBV lamOmega :: Id SLTerm
\x. (\x.x x)(\x.x %)
*MonadCBV> evalCBV constOmega :: Id SLTerm
y
*MonadCBV> evalCBV $ App (App y fact) three :: Id SLTerm
C-c C-cInterrupted.
*MonadCBV> :{
*MonadCBV| evalCBV $ App (App (App z fact_d) three) (Var "_")
*MonadCBV| :: Id SLTerm
*MonadCBV| :}
. O\EA\x FCCOE A\x ECCONE A\ ECCO\E AN\ E)x))F)x)))X))
(A\E. Oy \z. (CA\NEA\x FCCANEA\x FCCAN\E . N\xLF
((A\Ef\x.x)E)x))E)x))E)x)) (\p.\q.9(p y))) ((\p.\q.p)z)) (\x.x))
(A\f. Ay \z. ((Ay.\z. (CANEAx ECCAE A\ ECCA\EN\x.
((A\f\x.x))x)))x))E)x)) (\p.\q.q(p y¥))) ((\p.\q.p)z)) (\x.x))
Ap-\g.9(p VN (A\p.\q.p)z)) \x.x)) ((\f.\x.f
(CA\f\x.x)f)x))E))E))f)
*MonadCBV>
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For a monad to be suitable for an evaluator which preserves semantics, the
>= operation must force the evaluation of the inner parameter in the first
monadic argument. The explicit manipulation of the program control carried
out by CPS can be used to achieve that. In Section 3.2.3 we describe the
Haskell’s Cont monad, which precisely implements CPS.

3.2.3. Continuation Monad

There is a monad for continuations in the Haskell’s standard library. The
definition of the Cont monad is the following [13]:

newtype Cont r a = Cont {
runCont :: (a > r) ->r

}

instance Monad (Cont r) where
return a = Cont ($ a)
m >>= k Cont $ \c -> runCont m $ \a -> runCont (k a) c

Here return lifts pure functions to the continuation. It packs the partial
left-application of the $ operator to its argument inside the Cont data type.
Recall that $ has the type:

($) :: (a->b) ->a->b
Its partial left-application to some expression of type a has the type
(a->b) >0b

which, renaming r by b, is the type of a CPS function (and the type of the
runCont field of the Cont data type).

The (>>=) packs into the data type a new CPS function taking the CPS
function inside m and passing to it the continuation returned from the appli-
cation of k to the intermediate value a.

With this monad instance CBV behaves:

*MonadCBV> (runCont $ evalCBV ident) id
\X.x

*MonadCBV> (runCont $ evalCBV redex) id
X

*MonadCBV> (runCont $ evalCBV capture) id

\yl.y
*MonadCBV> (runCont $ evalCBV free) id
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(x y)(z y)
*MonadCBV> (runCont $ evalCBV varApp) id
x(\x.y)
*MonadCBV> (runCont $ evalCBV two) id
\EA\Ax ECCANE A\ ECCAE A\x.x)£)x))£)x)
*MonadCBV> (runCont $ evalCBV omega) id
C-c C-cInterrupted.
*MonadCBV> (runCont $ evalCBV lamOmega) id
\x. (\x.x x) (\x.x %)
*MonadCBV> (runCont $ evalCBV constOmega) id
C-c C-cInterrupted.
*MonadCBV> (runCont $ evalCBV $ App (App y fact) three) id
C-c C-cInterrupted.
*MonadCBV> :{
*MonadCBV| (runCont $
*MonadCBV| evalCBV $ App (App y fact) three)
*MonadCBV| id
*MonadCBV| :}
C-c C-cInterrupted.
*MonadCBV> :{
*MonadCBV| (runCont $
*MonadCBV| evalCBV $ App (App (App z fact_d) three) (Var "_"))
*MonadCBV| id
*MonadCBV| :}
\E.O\VEA\x ECCONE A\x ECCONE A\x ECCA\EA\x.x)E)x))E)x)))x))
(A\f. A\y.\z. (CONE \x.£CCANEA\x.£CCA\E.\x. £
(CA\EA\x.x))x))E)x))E)x)) (\p.\q.q(p y))) ((\p.\q.p)z)) (\x.x))
(A\f. Oy \z. ((A\y.\z. (CA\NEf\x £CCANE A\ £CCA\E\x. £
(CANEA\x.x)E)x))E)x))E)x)) (\p.\q.q(p y))) ((\p.\g.p)z)) (\x.x))
Ap-\q.9p VN (A\p-\q.p)z)) \x.x)) ((\f.\x.f
(CA\EfA\x.x)E)x))£))£))f)
*MonadCBV>

which is the expected, since the Cont monad preserves the semantics.

3.3. Parametric Evaluator

In Section 3.1 we have seen several families of evaluators, using different
programming styles and different strategies to make them semantics preserv-
ing. In this section we identify six places where evaluation calls itself recur-
sively in the evaluator family. This leads us to an evaluator which varies its
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behaviour in each of those six places. The evaluator receives six other ‘small’
evaluators as arguments and applies them in the right place. Using a fixed
point operator we define evaluators recursively in term of themselves. The re-
sult is a parametric evaluator which allows the definition of every evaluation
order, choosing the places where the evaluator calls itself.

3.3.1. Opportunities for Evaluation

If we analyse the families of evaluators obtained in the previous section
we realise they all follow a very similar pattern. In the first place, all leave
expressions of the form (Var s) untouched. For the expressions (Lam v b)
there are two possible alternatives: to leave them unevaluated or to evaluate
their body. This is the first place in the code where an evaluation may occur.
For applications (App m n), m must be evaluated first (say m’ is the result).
This is the second place in the code where an evaluation may occur. If m’
is a A-abstraction we must apply the (-rule. At this point, evaluators with
strict semantics evaluate n (third place where evaluation may occur) and then
proceed to substitution whereas the ones with non-strict semantics proceed
to substitution directly. The substitution may be evaluated also, constituting
the fourth point.

Finally, if m’ is not a A-abstraction the application must return the ap-
propriate normal form which might require the evaluation of m and n. Those
are the fifth and sixth places respectively. All this can be seen easier if we
rearrange the code of the evaluators in the following fashion. Let us rewrite
the naive AOR evaluator.

evalAOR :: SLTerm -> SLTerm
evalAOR v@(Var s) = v
evalAOR (Lam v b) let b’ = evalAOR b
in Lam v b’

evalAOR (App m n) =

let m’ = evalAOR m

in case m’ of

(Lam v b) -> let n’ = evalAOR n
in evalAOR $ subst v b n

_ -> let m’’ = evalAOR m
n’’ = evalAOR n
in App m’’ n’’

Taking parameters for every of those places we can give the parametric eval-
uator. (More parametric evaluators for every strategy in this chapter can be
found in Appendix H.)
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type Ev = SLTerm -> SLTerm
eval :: Ev -> Ev -> Ev —>
Ev -=> Ev -=> Ev -> Ev

eval la opl arl su op2 ar2 ve@(Var s) = v
eval la opl arl su op2 ar2 (Lam v b) =
let b’ = 1la b
in Lam v b’
eval la opl arl su op2 ar2 (App m n) =
let m’ =oplm
in case m’ of
(Lam v b) -> let n’ = arl n
in su § subst v b n’
_ -> let m’’ = op2 m
n’’ = ar2n
in App m’’ n’’

with the specification of the uniform evaluation orders as fixed points:

aor = eval aor aor aor aor aor aor
cbv = eval id cbv cbv cbv cbv cbv
cbn = eval id <cbn id cbn cbn id
he = eval he he id he he 1id

The places where evaluation may occur are the 1let construct in the (Lam v b)
case (variable b?), the let constructs in the (App m n) case (the variables
m’,n’, m’’, and n’’), and after doing the substitution (the subst function).
If some evaluator does not need to evaluate in every place, the id function
could be used as parameter. We call the parameters 1a, op1, arl, su, op2 and
ar2 respectively. We call this the evaluator with orthogonal parameters,
because they are independent among them.

Another version of the parametric evaluator could be written, where op2
takes the result returned by opl (the m’) and ar2 takes the result returned
by ari (then’).

type Ev = SLTerm -> SLTerm
eval :: Ev -> Ev -> Ev —>
Ev -> Ev -> Ev -> Ev
eval la opl arl su op2 ar2 v@(Var s)
eval la opl arl su op2 ar2 (Lam v b)
let b’ = 1la b
in Lam v b’
eval la opl arl su op2 ar2 (App m n)

Il
<
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let m’ opl m
n’ = arln
in case m’ of
(Lam v b) -> su $ subst v b n’

_ -> let m’’ = op2 m’
n’’ = ar2 n’
in App m’’ n’’

The fixed points for the uniform evaluator orders are:

aor = eval aor aor aor aor id id
cbv = eval id cbv cbv cbv id id
cbn = eval id cbn id cbn id id
he = eval he he id he 1id id

Notice that the definitions have changed. For the evaluation orders where
opl is not id, it is not needed to evaluate in the op2 place, so id is passed
as op2. The same occurs with the arl and ar2 parameters. We call this the
non-orthogonal version, because there are dependencies between op1, arl
and op2, ar?2 respectively.

The differences between the orthogonal and the non-orthogonal evalua-
tors are subtle. With the orthogonal version, every possible combination of
the parameters leads to a different evaluation order, with a particular de-
notational semantics. However, the operational semantics are jeopardised,
because the evaluation of the m and the n could occur twice. With the non-
orthogonal version, the operational semantics are right, but some evaluation
orders are denotationally equivalent. For example, the evaluation order de-
fined as the fixed point (for the non-orthogonal evaluator):

aor’ = eval aor’ aor’ aor’ aor’ aor’ aor’

is denotationally equivalent to the non-orthogonal aor (although it is not
operationally equivalent).

A possible solution to this problem could be to replace op2 and ar2 by
a boolean pointing whether to keep the evaluated expression or whether to
return to the unevaluated form. This will avoid reevaluation, but will no
longer be consistent with our recursive specification of fixed points. We
prefer to keep the type of our parameters and specify in every case which
version of the parametric evaluator we are using.

It could be argued that the evaluation orders shadowed by the non-
orthogonal version are of little interest, because they perform some work
which later is discarded. Nevertheless, we want to show all possibilities, so
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we will prefer the orthogonal version, which will be the default unless we
point out the opposite.

This parametric evaluator still does not preserve semantics, because as
with the naive one, the Haskell evaluation will interfere with the intended
evaluation order. In Appendix H we present parametric evaluators using
pattern matching, strict application operator ($!), strict sequencing operator
(seq), and CPS.

We prefer the evaluator using CPS, because this strategy is not Haskell
specific, so it has more generality:

type Ev = SLTerm -> (SLTerm -> SLTerm) -> SLTerm
eval :: Ev -> Ev -> Ev -> Ev -> Ev -> Ev -> Ev
eval la opl arl su op2 ar2 v@(Var s) k = k v
eval la opl arl su op2 ar2 (Lam v b) k = la b
(\b> => k $ Lam v b’)

eval la opl arl su op2 ar2 (App m n) k =

opl m

(\m’ -> case m’ of

(Lam v b) -> arl n

( \n’ -> su (subst v b n’) k)
-> op2 m

(\m’’> -> ar2 n

(\n>? => k $ App m’’ n’’)))

With continuations, the fixed points can be expressed as well. We need
to define a cId function which takes an expression and returns the partial
left-application of the $ operator to it.

cld :: a-> (a ->a) -> a

cld a = ($ a)

aor = eval aor aor aor aor aor aor
cbv = eval cId cbv cbv cbv cbv cbv
cbn = eval cId cbn cId cbn cbn clId
he = eval he he <cId he he <cId

We test the cbv evaluator with the illustrative examples.

*ContFix6> (cbv ident) id
\X.X

*ContFix6> (cbv redex) id
X

*ContFix6> (cbv capture) id

\yl.y
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*ContFix6> (cbv free) id
(x y)(z y)
xContFix6> (cbv varApp) id
x(\x.y)
*ContFix6> (cbv two) id
\f . \x £CCONEA\x. £CCA\E . \x.x)E)x) ) f)x)
*ContFix6> (cbv omega) id
C-c C-cInterrupted.
*ContFix6> (cbv lamOmega) id
\x. (\x.x x) (\x.x %)
*xContFix6> (cbv constOmega) id
C-c C-cInterrupted.
*ContFix6> :{
*ContFix6| (runCont $
*ContFix6| cbv $ App (App y fact) three)
*ContFix6| id
*ContFix6/| :}
C-c C-cInterrupted.
*ContFix6> :{
*ContFix6| (cbv $
*xContFix6| App (App (App z fact_d) three) (Var "_")
*ContFix6| ) id
*ContFix6/| :}
\E.(\VE AN ECCAONE N\ ECCANE N\ ECCANE N\ ) E)x))E)x))E)%))
(A\f. Oy \z. (CA\NEA\x. FCCAEA\x.ECCA\EN\x. £
(CANEf\x.x))x))D)x))E)x)) (\p.\g.q(p v))) ((\p.\q.p)z)) (\x.x))
(A\f. Ay \z. ((A\y.\z. (CO\NE A\ £CCANE A\ ECCANE A\ £
((A\NEA\x.)D)x))H)x)H)x)) \p.\q.q9p v)))(A\p.\g.p)z)) (\x.x))
Ap-\g.9(p VN (A\p.\q.p)z)) \x.x)) ((\f.\x.f
(CA\f.\x.x)£)x))£))E))f)

*ContFix6>

The parametric evaluator implements the intended semantics.
This evaluator can still be improved in the monadic style, leading to
clearer and more flexible code.

type Ev m = SLTerm -> m SLTerm
eval :: Monad m => Evm -> Evm -> Evm ->
Evm->Evm->Evm->Evn
eval la opl arl su op2 ar2 v@(Var s)
eval la opl arl su op2 ar2 (Lam v b)
do b’ <- 1la b

return v
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return $§ Lam v b’

eval la opl arl su op2 ar2 (App m n) =
dom’ <- oplm
case m’ of
(Lam v b) -> don’ <- arln

su $§ subst v b n’
-> do m’’ <- op2 m

n’’ <- ar2 n

return $ App m’’ n’’

This time, the id function is replaced by return.

aor = eval aor aor aor aor aor aor
cbv = eval return cbv cbv cbv cbv cbv
cbn = eval return cbn return cbn return return
he = eval he he return he return return

Similarly, the non-orthogonal version is:

type Ev m = SLTerm -> m SLTerm
eval :: Monad m => Evm -> Evm -> Evm ->
Evm->Evm->Evm->Evm
eval la opl arl su op2 ar2 v@(Var s)
eval la opl arl su op2 ar2 (Lam v b)
do b’ <- 1la b
return $§ Lam v b’
eval la opl arl su op2 ar2 (App m n)
dom’ <- oplm
n’ <- arln
case m’ of
(Lam v b) -> su $ subst v b n’
-> do m’’ <- op2 m’
n’’ <- ar2 n’
return $ App m’’ n’’

return v

with the fixed points:

aor = eval aor aor aor aor return return
cbv = eval return cbv cbv cbv return return
cbn = eval return cbn return cbn return return
he = eval he he return he return return

We will use the Cont monad as the default. If we run the parametric monadic
evaluator
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*MonadFix6> (runCont $ cbv ident) id
\x.x
*MonadFix6> (runCont $ cbv redex) id
X
*MonadFix6> (runCont $ cbv capture) id
\yl.y
*MonadFix6> (runCont $ cbv free) id
(x y)(z y)
*MonadFix6> (runCont $ cbv varApp) id
x(\x.y)
*MonadFix6> (runCont $ cbv two) id
N A\x £CCONEA\x £CCO\E . \x.x)E)x) ) f)x)
*MonadFix6> (runCont $ cbv omega) id
C-c C-cInterrupted.
*MonadFix6> (runCont $ cbv lamOmega) id
\x. (\x.x x) (\x.x %)
*MonadFix6> (runCont $ cbv constOmega) id
C-c C-cInterrupted.
*MonadFix6> :{
*MonadFix6| (runCont $
*xMonadFix6| evalCBV $ App (App y fact) three)
*MonadFix6/| id
*MonadFix6/| :}
C-c C-cInterrupted.
*MonadFix6> :{
*MonadFix6| (runCont $
*MonadFix6| cbv $ App (App y fact) three)
*MonadFix6| id
*MonadFix6| :}
C-c C-cInterrupted.
*MonadFix6> :{
*MonadFix6| (runCont $
*MonadFix6| cbv $ App (App (App z fact_d) three) (Var "_"))
*MonadFix6| id
*MonadFix6| :}
\f. O\ \x.FCCAE A\ EFCCAE A\ FCCAEA\x.x)E)x))E)x))E)X))
(A\f. Ay \z. (CA\NEA\x.£CCA\EA\x.ECCO\E . \x. £
((A\NEA\x.)E)x))H)x)H)x)) (\p.\q.q9p v))) (A\p.\g.p)2)) (\x.x))
(A\f. O\y.\z. ((A\y.\z. (CO\f \x.£CCAE A\ £CCA\E\x.
((ANEA\x.x)E)x))H)x))x)) \p-.\q.qp v))) (\p.-\gq.p)z)) (\x.x))
Ap-\g.9(p VN (A\p.-\q.p)z)) \x.x)) ((\f.\x.f
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(CANE\x.x)f)x))E))E))T)

*MonadFix6>

it works as expected.

3.3.2. Parameters and Evaluators

The parametric evaluator of Section 3.3.1 defines a space of six orthogonal
dimensions with two values for every dimension (a recursive call or return in
the fixed point definition). We consider restricting this space. We are inter-
ested in doing evaluation (not just single-step reduction) so we can dispense
with su, and make a recursive call after the substitution. This parameter is
just coding either single-step or big-step evaluation. It seems reasonable to
dispense with opl as well, which specifies if the operator of an application
must be evaluated or not, because we always want to evaluate the operator.
The problem is that opl in conjunction with op2 allows the definition of
hybrid strategies, so we can not get rid of it so easily.

Taking NOR, for example, the operator is first evaluated with CBN. If
it is a A-abstraction, then substitution takes place. Otherwise it must be
evaluated with NOR, which evaluates the bodies of A-abstractions, finding
all the existing redexes. The hybrid strategies evaluate the operator in two
stages, so we need two different parameters for the operator.

The hybrid strategies may be defined using mutual recursive fixed points,
instead of single recursive ones:

nor = eval nor cbn return nor nor nor
hn = eval hn he return hn he hn
ha = eval ha cbv ha ha ha ha

Similarly with the non-orthogonal version:

nor = eval nor cbn return nor nor nor
ha = eval ha cbv ha ha ha ha
hn = eval hn cbn return hn hn hn

NOR must stop evaluating the bodies of A-abstractions for the operator,
otherwise it will potentially evaluate innermost redexes and the resulting
strategy will be no longer leftmost-outermost. This lets the definition of
recursive functions using the Y combinator. Running with NOR (fact is the
Haskell representation of the Fac function in Section 2.9 and one the Church
encoding of 1.):
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*MonadHybridFix6> y

\f.(\x.f(x x))(\x.f(x x))

*MonadHybridFix6> (runCont $ nor $ App (App y fact) three) id
\Nf\x.fEEEEE %))

we get the correct result, but if we define the uniform false NOR as the fixed
point

fNor = eval fNor fNor return fNor fNor fNor
then running

*FalseNor> y

\f.(\x.f(x x)) (\x.f(x x))
xFalseNor> (runCont $ falseNor $ App (App y fact) three) id

makes the evaluator to run forever. The false NOR strategy evaluates the
body of A-abstractions in the operator position, falling in the infinite evalu-
ation of the Y combinator.

From this definition we may realise that something is wrong. By the rules
in Section 2.8 the operator is first evaluated with CBN and then the result
is evaluated with NOR. The above definition does not reflect these rules,
because in the second place we are not evaluating the result, but the uneval-
uated operator. We must take this into account and pass the composition
of cbn and nor as the op2 parameter. In the monadic evaluator this can be
done with the standard monadic operator:

(>=>) :: Monad m=> (a->mb) > (b ->mc) ->a->mc

resulting the hybrid strategies

nor = eval nor cbn return nor (cbn >=> nor) nor
ha = eval ha cbv ha ha (cbv >=> ha) ha
hn = eval hn he return hn (he >=> hn) hn

In this case the two NOR strategies will be equivalent, because for any ex-
pression F, evaluating it with CBN and then with NOR leads to the same
result than evaluating it directly with NOR. The same happens with HE and
HN and with CBV and HA.

The tests can be run over an hybrid evaluation order. Let’s take HA as
an example.
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*MonadHybridCompFix6>
\x.x
*MonadHybridCompFix6>
X
*MonadHybridCompFix6>
\yl.y
*MonadHybridCompFix6>
(x y)(z y)
*MonadHybridCompFix6>
x(\x.y)
*MonadHybridCompFix6>
\f. \x.f(f %)
*MonadHybridCompFix6>
C-c C-cInterrupted.
*MonadHybridCompFix6>
C-c C-cInterrupted.
*MonadHybridCompFix6>
C-c C-cInterrupted.
*MonadHybridCompFix6>
*MonadHybridCompFix6 |
*MonadHybridCompFix6 |
*MonadHybridCompFix6 |
*MonadHybridCompFix6 |
C-c C-cInterrupted.
*MonadHybridCompFix6>
*MonadHybridCompFix6 |
*MonadHybridCompFix6 |
*MonadHybridCompFix6 |
*MonadHybridCompFix6 |

(runCont $
(runCont $
(runCont $
(runCont $
(runCont $
(runCont $
(runCont $
(runCont $
(runCont $

:{

(runCont $

ha

ha

ha

ha

ha

ha

ha

ha

ha

ha $ App (App

id
}

{
(runCont $

ha $ App (App

(Var u_u))
}

\f \x. fEEEGEGE x)))))

*MonadHybridCompFix6>

id

ident) id
redex) id
capture) id
free) id
varApp) id
two) id
omega) id
lamOmega) id

constOmega) id

y fact) three)

(App z fact_d) three)

The behaviour is very similar to CBV, except that it yields NF, so the eval-
uation of two and fact three yield a Church numeral.

We have already seen that we can dispense the su parameter, leaving a
space of five dimensions for the evaluators defined by single recursion. A
parametric evaluator with orthogonal parameters is

type Evm =
eval :: Monad m
Evm->

eval la opl arl

SLTerm -> m SLTerm
=>Evm->Evm->Evm->
Evm->Evm
op2 ar2 v@(Var s)

o4

= return v



eval la opl aril
do b’
return $

eval la opl arl

op2 ar2 (Lam v b)

<- la b

Lam v b’
op2 ar2 (App m n)

do m’ <- opl m

case m’
(Lam v

with the fixed points:

of

b) -> let su =

eval

la opl arl op2

in do n’ <- arl n

su $

subst v b n’

-> do m’’ <- op2 m
n’’ <- ar2 n
return $ App m’’ n’’

triv = eval return return return
aor = eval aor aor aor
cbv = eval return cbv cbv
cbn = eval return cbn return
he = eval he he return
nor = eval nor cbn return
ha = eval ha cbv ha
hn = eval hn he return

We conjecture that those five parameters are orthogonal. If this is true, then
we have a space of 2° = 32 evaluation orders which are definable as fixed
points using single recursion. It contains, among others, the ones found in
the literature, except the hybrid ones. We call this space the B-hypercube.
With the mutually recursive fixed points the number of evaluators raise to
the infinite. We must consider also the possibility of composite parameters
done before. For some hybrid evaluation orders, a denotational equivalent
version can be defined without composite parameters, although it will not

be operationally equivalent.
The non-orthogonal parametric evaluator with five parameters is:

type Ev m = SLTerm -> m SLTerm
eval :: Monad m => Ev m -> Ev m -
Evm->Evm->Evm
eval la opl arl op2 ar2 v@(Var s)
eval la opl arl op2 ar2 (Lam v b)
do b’ <- la b
return $ Lam v b’
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aor aor
cbv cbv
return return
return return
nor nor
ha ha
hn hn
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eval la opl arl op2 ar2 (App m n) =
dom’ <- oplm
case m’ of
(Lam v b) -> let su = eval la opl arl op2 ar2
in do n’ <- arln
su $§ subst v b n’
-> do m’’ <- op2 m’
n’’ <- ar2 n
return $§ App m’’ n’’

and the fixed points

aor = eval aor aor aor return return
cbv = eval return cbv cbv return return
cbn = eval return cbn return return return
he = eval he he return return return
nor = eval nor cbn return nor nor
ha = eval ha cbv ha ha ha
hn = eval hn he return hn hn

The space define by this evaluator is not an hypercube, cause the parameters
are non-orthogonal. As before, some of its fixed points are denotationally
equivalent. The evaluation order:

aor’ = eval aor’ aor’ aor’ aor’ aor’

is equivalent to the aor defined above. Thus, evaluation orders are no longer
32.

Five parameters are still a lot, and some subsets of the mutually recursive
orders can be stripped out. We want to reduce the number of parameters
and to be able to define some hybrid strategies without mutual recursion.
We would like to dispense with op1, assuming that every order evaluates the
operator, although in different ways. This is reasonable because we want to
discover opportunities for applying the g-rule. We must ask what are the
different orders doing with the operator, and find the differences between
uniform and hybrid strategies.

What NOR is not doing when processing the operator is to evaluate
under A-abstractions. Everything else is the same than in the false NOR,
which can be uniformly defined. We can factor that out and substitute the
parameters la, opl, op2 by the parameters lal and la2, which stand for
evaluation under A-abstraction in the position of the operator and in other
positions respectively. Doing something similar with arl and ar2 leads to
an evaluator with just four parameters: b
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eval :: Monad m => Evm -> Ev m —>
Evm->Evm->Evm

eval lal la2 arl ar2 v@(Var s)

eval lal la2 arl ar2 (Lam v b)

return v
do b’ <- 1la2 b
return $ Lam v b’

eval lal la2 arl ar2 (App
(Lam s (Var s’))
(Var s’’)) = if s == s’ then
return $ Var s’’
else
return $ Var s’
eval lal la2 arl ar2 (App m n) =
do test’ <- lal test
test’’ <- arl test
let la2’ = select (test’ /= test) la2
let ar2’ = select (test’’ /= test) ar2
m’ <- eval lal la2’ arl ar2’ m
case m’ of
(Lam v b) —>
do n’ <- arl n
eval lal la2 arl ar2 $ subst v b n’
->
do m’’ <- eval lal 1la2 arl ar2 m’
n’’ <- ar2 n
return $§ App m’’ n’’

with the following fixed points:

cbn = eval return return return return
he = eval he return return return
cbv = eval return return cbv cbv
aor = eval aor aor aor aor
nor = eval return nor return nor
ha = eval return ha ha ha
hn = eval hn hn return hn

This evaluator breaks a little with the previous ones. It must test if some of
the parameters are significant, this is, different from return. In the recursive
invocations, the parameters are altered depending in that test.

When evaluating an application, it works in two stages: first it evaluates
the operator with the altered parameters and then it pattern-matches over
the result. If it is a A-abstraction, then the substitution occurs. Otherwise
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it will go on evaluating with the original parameters. The parameters are
altered in the following way: if 1lal and arl are equivalent to return then
the altered 1a2 and ar2 must be return, respectively. This is consistent
with the fact that 1al and ar1 define the behaviour in the operator position,
this is, before doing the substitution.

The following code shows the auxiliary functions:

test = App (Lam "x" (Var "x")) (Var "y")

select :: Monad m
select True ev =
select False ev =

=>

ev

Bool -> Evm -> Ev m

return

To decide if a parameter is different form return, the evaluator applies it
to a test expression. The test expression is just the redex (Az.z)y, which
must be reduced to y for every definable evaluation order. A special pattern
case (App (Lam s (Var s’)) (Var s’’)) isneeded. Without this case, the
evaluator will loop infinitely trying to evaluate redex. The function select,
which takes a boolean and an evaluator and selects between the evaluator or
return, is used to select the altered parameters.

We can run the CBV fixed point of the parametric evaluator with four

parameters

*MonadFix4> (runCont
\X.X

*MonadFix4> (runCont
X

*MonadFix4> (runCont
\yl.y

*MonadFix4> (runCont
x y)(z y)
*MonadFix4> (runCont
x(\x.y)

*MonadFix4> (runCont

\f . \x.fCCO\F. \x.f(CO\E.

*MonadFix4> (runCont

$

$

C-c C-cInterrupted.

*MonadFix4> (runCont

\x. (\x.x x)(\x.x %)

*MonadFix4> (runCont

C-c C-cInterrupted.

*MonadFix4> (runCont

C-c C-cInterrupted.

cbv ident) id
cbv redex) id
cbv capture) id
cbv free) id

cbv varApp) id
cbv two) id
\x.x)f)x))f)x)
cbv omega) id
cbv lamOmega) id

cbv constOmega) id

cbv $ App (App y fact) three) id
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*MonadFix4> :{
*MonadFix4| (runCont $
xMonadFix4| cbv $ App (App y fact) three)
*MonadFix4| id
*MonadFix4| :}

C-c C-cInterrupted.
*MonadFix4> :{
*MonadFix4| (runCont $
*MonadFix4| cbv $ App (App (App z fact_d) three) (Var "_"))
*MonadFix4| id
*MonadFix4| :}
\f. (\Ef\x.£CCA\E\x.£CCA\EA\x.£CCA\E. \x.x)f)x))F)x)))X))
(A\f. O\y.\z. (CA\Ef\x.FCCANEA\x. FCCA\E . N\x. f
(CANEN\x.)E)x))H)x))E)x)) (\p.\g.q(p y))) (\p.\gq.p)z)) (\x.x))
(A\f. Ay \z. (CA\y.\z. (CO\NE A\ £CCANE A\ ECCANE N\ £
(CA\NEA\x.)E)x))H)x))H)x)) (\p.\q.q9(p v))) ((\p.\g.p)2)) (\x.x))
Ap-\g.9(p VN (A\p.\q.p)z)) \x.x)) ((\f.\x.f
(CA\Ef.\x.x)E)x))£))E))f)
*MonadFix4>

The results are the expected for CBV.
Alternatively, the parameters could have been replaced by booleans:

type Ev m = SLTerm -> m SLTerm
eval :: Monad m => Bool -> Bool -> Bool -> Bool -> Ev m
eval lal la2 arl ar2 v@(Var s) return v
eval lal la2 arl ar2 (Lam v b)
do b’ <- if 1la2
then eval lal la2 arl ar2 b
else return b
return $§ Lam v b’
eval lal la2 arl ar2 (App m n) =
do let la2’ = if not lal then False else 1la2
let ar2’ = if not arl then False else ar2
m’ <- eval lal 1la2’ arl ar2’ m
case m’ of
(Lam v b) ->
do n’ <- if aril
then eval lal la2 arl ar2 n
else return n
eval lal la2 arl ar2 $ subst v b n’
->
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do m’’ <- eval lal la2 arl ar2 m’
n’’ <- if ar2
then eval lal la2 arl ar2 n
else return n
return $ App m’’ n’’

with the fixed points:

cbn = eval False False False False
he = eval True False False False
cbv = eval False False True True
aor = eval True True True True
nor = eval False True False True
ha = eval False True True True
hn = eval True True False True

We prefer to use the version with parameters as evaluators, since it lets
the definition of mutually recursive fixed points and we think it has more
generality than the version with the booleans. This has an additional cost,
because we must decide the significance of some parameters inside our object
language, with the computational overhead this entails. This also makes the
code a little more unclear, because of the select function and the special
pattern case which avoids infinite looping.

This evaluator allows the definition of hybrid evaluation orders seen in
Section 2.8, but in an ad hoc way. For the operator position, it should be pos-
sible to select the evaluation of the argument both before the substitution and
after it. Here the evaluation of the argument before the substitution imposes
the evaluation of the argument in the operator in both places, shadowing
some evaluation orders which may be interesting. This reflects a pragmatic
decision when reducing the number of the arguments while still being able
to define some evaluation orders, but leads to an incomplete and ad hoc
solution. However, that decision could fairly reflect the peculiarities of the
problem and be very profitable, since every one of the foremost evaluation
orders can be defined with it.

We have introduced some dependencies between the parameters, so we
cannot assert that the parameters are orthogonal. It does not seem that any
combination of parameters will be equivalent to any other at first sight, but
we will need further research to proof formally one thing or the opposite.
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3.4. Compositional Evaluator

In this section we present a rather different approach, where instead of
a generic evaluator we write some elemental features that can be combined
in multiple ways, giving all the possible evaluation orders. The combination
of the elemental features is done via a mechanism which models inheritance.
This mechanism is known as mixins.

3.4.1. Mixins

Mixins define a model of inheritance. A maixin is an abstract subclass
that may be used to specialise the behaviour of a variety of parent classes [5].
In a functional programming setting, a mixin is a function taking a parameter
which stands for the super function. The mixin invokes super or specialises
its behaviour as needed. Some mixin models include also another parameter
which stands for the function itself, allowing the recursive invocation of that
function. This parameter works as the self pointer in some object-oriented
programming languages. A binary composition operator (<x>) and a zero
mixin exist. The zero mixin defines a void behaviour, and along with (<*>)
induces a monoidal structure for the mixins. A fixed point operator (mixin)
is used to retrieve an ordinary function given the mixin and its parameters.

In this thesis we use the following definition of mixins, adapted from [6]:

type Mixin s = 8 -> s -> s
(<+>) :: Mixin s -> Mixin s -> Mixin s
f <+> g = \super this -> f (g super this) this

mZero :: Mixin s
mZero super this = super

mixin :: Mixin s -> s
mixin f = let m = mixin f in f m m

From within a mixin, super allows the access to the ancestor function,
whereas this accesses the same function. The mixin combinator builds
up a fixed point which accounts for the ‘inheritance’ structure. It induces
the following graph 3.1.
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this

! |

p=(ml <+> (M2 <+> (... <+> mn...)}))

super

! |

p=(ml <+> (m2 <+> (... <+> mn...)))

super T super?

Figure 3.1: Mixin inheritance graph

3.4.2. Uniform Evaluation Orders with Mixins

The elementary mixins which define the uniform evaluation orders are
the following:

type Ev m = SLTerm -> m SLTerm

betaRed :: Monad m => Mixin (Ev m)
betaRed super this (App (Lam v b) n)
betaRed super this o@_

this $ subst v b n
return o

la :: Monad m => Mixin (Ev m)

la super this (Lam v b) = do b’ <- this b
return $§ Lam v b’

la super this o@_ = super o

opl :: Monad m => Mixin (Ev m)

opl super this (App m n) = do m’ <- this m
super $ App m’ n

opl super this o0@_ = super o

arl :: Monad m => Mixin (Ev m)

arl super this (App m n) = do n’ <- this n
super $ App m n’

arl super this o@_ = super o

op2 :: Monad m => Mixin (Ev m)
op2 super this a@(App (Lam v b) n)
op2 super this (App m n)

super a
do m’ <- this m
super $§ App m’ n
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op2 super this o@_ = super o

ar2 :: Monad m => Mixin (Ev m)
ar2 super this a@(App (Lam v b) n)
ar2 super this (App m n)

super a

do n’ <- this n
super $ App m n’

ar2 super this o@_ = super o

betaRed is the basic mixin from which every evaluator must inherit. It just
computes the big-step [-rule, but only in head position. It corresponds to
the basics of the parametric evaluator plus the su parameter. It must appear
as the basic one which is extended (or inherited).

1a filters A-abstractions in head position and evaluates its body. Other-
wise it invokes super to evaluate the expression. It corresponds to the la
parameter of the parametric evaluator. It does not matter the place where
this mixin appears in the inheritance hierarchy, but we will place it, by con-
vention, just under betaRed.

op1 filters applications, evaluates their operator and invoke super over the
application of the evaluated operator to the argument. For other expressions
it invokes super over them. It corresponds to the opl parameter of the
parametric evaluator.

ari, like the previous one, filters applications, evaluates their argument
and invokes super over the application of the operator to the evaluated
argument. Otherwise it invokes super. It corresponds to the arl parameter.

opl must appear under arl if the intended operational semantics is to
evaluate the operand before the argument.

op2 passes applications of A-abstractions to an argument, which must
be (-reduced, to super. For other applications, it evaluates the operand
and then invokes super over the application of the evaluated operand and
the argument. For any other expressions it invokes super over them. It
corresponds to the op2 parameter.

ar2, like the previous one, delivers applications of A-abstractions to its
ancestor, and for other applications it evaluates its argument and then calls
super over the application of the operator and the evaluated argument. It
corresponds to the ar2 parameter.

For the last two mixins to work as intended, they must appear over the
opl and arl component, giving them the opportunity to do their job in first
place. Both mixins pass expressions with the pattern (App (Lam v b) n)
to the ancestor, since they must be g-reduced. They implement also the case
of an application whose operand is not a A-abstraction. As a whole, op1, arl
reduce the operator and the argument before the substitution, while op2 and
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ar2 reduce the operator and the argument in the case the operator is not a
A-abstraction. This is equivalent to the way the parametric evaluator works
with the parameters opl, arl, op2 and ar2.

This elementary mixins can be composed with the <+> operator (note
that betaRed must act as the basic feature), like in

cbn :: Monad m => Ev m

cbn = mixin (opl <+> betaRed)

cbv :: Monad m => Ev m

cbv = mixin (opl <+> (arl <+> (op2 <+> (ar2 <+> betaRed))))
aor :: Monad m => Ev m

aor = mixin (opl <+> (arl <+> (op2 <+> (ar2 <+>

(la <+> betaRed)))))
he :: Monad m => Ev m
he = mixin (opl <+> (la <+> betaRed))

The order of appearance of each component follows the indications gave in
the previous paragraph.

The order of the components only determines operational issues. They
can be mixed up at will (except for betaRed, which is the basic one as it
applies the -rule and acts as the skeleton) and the denotational semantics
will not be altered. Likewise, the order of the parameters is not important
in the parametric evaluator

We can check how the mixin CBV works with our tests.

*UniformMixin> (runCont $ cbv ident) id

\X.x

*UniformMixin> (runCont $ cbv redex) id

X

*UniformMixin> (runCont $ cbv capture) id

\yl.y

*UniformMixin> (runCont $ cbv free) id

(x y)(z y)

*UniformMixin> (runCont $ cbv varApp) id

x(\x.y)

*UniformMixin> (runCont $ cbv two) id

\f A\x £CCANE A\x £CCAE . A\x.x)£)x) ) £)x)

*UniformMixin> (runCont $ cbv omega) id
C-c C-cInterrupted.

*UniformMixin> (runCont $ cbv lamOmega) id

\x. (\x.x x) (\x.x %)

*UniformMixin> (runCont $ cbv constOmega) id
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C-c C-cInterrupted.
*UniformMixin> (runCont $ cbv $ App (App y fact) three) id
C-c C-cInterrupted.
*UniformMixin> :{
*UniformMixin| (runCont $
xUniformMixin| cbv $ App (App y fact) three)
*UniformMixin| id
xUniformMixin| :}
C-c C-cInterrupted.
*UniformMixin> :{
xUniformMixin| (runCont $
*UniformMixin| cbv $ App (App (App z fact_d) three) (Var "_"))
xUniformMixin| id
xUniformMixin| :}
\E.O\VE X ECCONE A\ ECCOE A\ ECCA\EA\x.x)E)x))E)x)))x))
(AN Ay \z. (CA\NEA\x.£CCA\EA\x.ECCA\E . \x. £
((A\NE\x.)E)x))H)x)H)x)) (\p.\q.q9p v)))(A\p.\gq.p)2)) (\x.x))
(A\f. O\y.\z. ((A\y.\z. (CO\f \x. £CCANE A\ ECCNE A\
((ANEA\x.x)E)x))H)x)H)x)) \p-\q.qp v))) (\p.-\g.p)z)) (\x.x))
Ap-\g.9(p M (A\p-\q.p)z)) \x.x)) ((\f.\x.f
(CA\f.\x.x)f)x))f))£))f)

*UniformMixin>

This is the expected behaviour for CBV.

3.4.3. Hybrid Evaluation Orders with Mixins

The definition of hybrid evaluation orders with mixins requires non-standard
mixin combinators. We extend the mixins of Section 3.4.1 with the following
combinators:

type MixinM s =8 -> 8 -> 8 -> s
split :: MixinM s -> Mixin s -> Mixin s -> Mixin s
split f g g’ = \super this -> f (g super this)
(g’ super this) this
(<*>) :: Mixin s -> Mixin s -> Mixin s
f <x> g = \super this -> let current = mixin $§ f <x> g
in f (g super current) current

Function split takes three components, one special variant of mixins (MixinM s)
with two different ancestors (super and super’) and two regular mixins
(Mixin s) so it lets the definition of inheritance structures following the
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this

‘o

p = split mml (ml <+> (M2 <+> (... <+>mn ...)))
1 (ml' <+> (m2' <+> (... <t>mn'...)))
this
super
l super super super

p = split mml (ml <+> (M2 <+> (... <+>mn ...)))

‘ (ml' <+> (m2' <+> (... <t>mn'...)))

H f 1

super' super super
super

Figure 3.2: Mixin inheritance graph with split combinator.

graph in Figure 3.2. (<*>) truncates the come back of the this to the cur-
rent component, as it can be seen in Figure 3.3. With this operators we can

this this
p=(ml <+> (m2 <*> (m3 <+> (... <+> mn...))))
super

' |

p=(ml <+> (m2 <*> (m3 <+> (... <+> mn...))))

‘ super ‘H super? superT

Figure 3.3: Mixin inheritance graph with (<x>).

easily define the hybrid strategies, using two inheritance stacks and one com-
ponent which selects a particular stack when evaluating the operator before
the substitution.

nor :: Monad m => Ev m

nor = mixin (split select
(op2 <+>(ar2 <+> (la <+> betaRed)))
(opl <x> betaRed))

ha :: Monad m => Ev m
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ha

mixin (split select
(op2 <+> (ar2 <+> (arl <+> (la <+> betaRed))))
(op2 <x> (ar2 <+> (opl <+> (arl <+> betaRed)))))
hn :: Monad m => Ev m
hn = mixin (split select
(op2 <+> (ar2 <+> (la <+> betaRed)))
(opl <*> (la <+> betaRed)))

The select mixin is below every other else in the inheritance hierarchy. This
mixin has type MixinM s, which means that it has two different ancestors.
It evaluates the operator of applications with one ancestor we refer to as the
operator branch. The mixin in the bottom of the operator branch uses (<*>)
to truncate the comeback of this, making it to point to the operator branch,
instead of coming back to the select mixin. It invokes the other ancestor,
which we call the regular branch, to evaluate the rest of expressions. The
mixins in the regular branch use regular composition (j+/,), so this in this
branch points to the select mixin, allowing the recursive invocation of the
hybrid strategy.

With the non-standard mixin combinators we can define arbitrary inheri-
tance structures. The way the hybrid strategies work let us define them using
only one split combinator. Other more complex strategies may require more
intricate inheritance structures.

If we run the battery test over an hybrid evaluation order, for example
HA, we obtain:

*HybridMixin> (runCont $ ha ident) id

\X.x

*HybridMixin> (runCont $ ha redex) id

X

*HybridMixin> (runCont $ ha capture) id

\yl.y

*HybridMixin> (runCont $ ha free) id

(x y(z y)

*HybridMixin> (runCont $ ha varApp) id

x(\x.y)

*HybridMixin> (runCont $ ha varApp) id

(x y)(z y)

*HybridMixin> (runCont $ ha two) id

\f.\x.f(f x)

*HybridMixin> (runCont $ ha omega) id
C-c C-cInterrupted.

*HybridMixin> (runCont $ ha lamOmega) id
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C-c C-cInterrupted.
*HybridMixin> (runCont $ ha constOmega) id
C-c C-cInterrupted.
*HybridMixin> :{
*HybridMixin| (runCont $
*HybridMixin| ha $ App (App y fact) three)
*HybridMixin| id
*HybridMixin| :}
C-c C-cInterrupted.
*HybridMixin> :{
*HybridMixin| (runCont $
*HybridMixin| ha $ App (App (App z fact_d) three) (Var "_")
*HybridMixin| ) id
*HybridMixin| :}
N N\xEEEEEE %))
*HybridMixin>

which is the expected under HA evaluation order.
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Chapter 4

Interpreters for the A-calculus

In this chapter we show and discuss interpreters for the A-calculus overview-
ing previous work by Reynolds and commenting on the choice of model. We
show interpreters for different evaluation orders that use environments, and
also show a parametric interpreter. We discuss the relationships with the
(B-hypercube.

4.1. Reynolds’s Definitional Interpreters

Reynolds [19] proposed a definitional interpreter for a pure functional
language (purely applicative language, in Reynold’s words). It is definitional
because the interpreter is intended to define the semantics for that language.
The evaluation order chosen for a language determines the semantics of some
programs in that language. He noted that this is the case with an interpreter,
and that the evaluation order in the implementation language will affect the

semantics of the object language, which is what the interpreter is trying to
define.

Reynolds focused on some previous definitions of pure functional lan-
guages. McCarthy’s definition of LISP [11], Landin’s SECD machine [10],
Reynold’s definition of GEDANKEN [18] and an unpublished work by Morris
and Wardsworth. Reynolds classified them attending to two different crite-
ria: the use of higher-order functions in the definition of the interpreter and
the dependency with respect to the evaluation order in the implementation
language.
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Evaluation Higher-order
order depen-
dence
Yes No
Yes GEDANKEN McCarthy’s LISP
No Morrish-Wardsworth’s method ~ SECD machine

In his paper he related the classes of definitional interpreters, giving two
transformations: continuation-passing style (CPS), which makes the seman-
tics implemented by the interpreter independent of the evaluation order in
the implementation language and defunctionalization, which converts the dif-
ferent uses of a function passed as argument into instances of a data type,
turning a higher order interpreter into a first order.

He started with a direct implementation of the interpreter, which used
higher-order and was evaluation-order dependent and applied the two trans-
formation to it giving the four different possibilities in the table.

4.2. Meta-Circular Interpreter

The straightforward implementation is a function interp which takes an
environment and an expression and produces a value. The language has the
syntax in:

data Exp = Cons Int

| Bo Bool

| Var String

| Lam String Exp
| App Exp Exp

| Cond Exp Exp Exp

| Lrec String String Exp Exp

= C Int
| B Bool
| F Fun
type Fun = Val -> Val
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The language embeds A-calculus and has also constructs for integer and
boolean constants, conditionals and letrec definitions. The values are con-
stants or functions from values to values.

The environments are implemented the following way:

type Env = String -> Val

emptyEnv :: Env
emptyEnv s = undefined

addVar :: String -> Val -> Env -> Env
addVar s v e = \r -> if r == s then v else e r

The environment binds variables to values. It is used to implement substi-
tution and reduction. When looking up a variable which is not bound in the
environment the interpreter returns unde fined. This is because the language
does not allow free variables, so open expressions are not valid programs.

The following is the Haskell implementation of the first Reynolds’ meta-
circular interpreter (MCI).

interp :: Env -> Exp -> Val

interp e (Cons n) =Cn
interp e (Bo b) =Bb
interp e (Var s) =es

interp e (App m n) =
apply (interp e m) (interp e n)
interp e (Lam v b) =
F $ \t -> interp (addVar v t e) b
interp e (Cond p c a) = if (interp e p) == (B True) then
(interp e c)
else
(interp e c)
interp e (Lrec d v b i) =
let e’ = addVar d (F $ \t -> interp (addVar v t e’) b) e
in interp e’ i

apply :: Val -> Val -> Val
apply (F f) n =fn

A-abstractions are interpreted in a peculiar way: a Haskell anonymous func-
tion is returned, which invokes interpret in its body. This stops evaluation
under A-abstraction because the body is not ewvaluated until some value is
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applied to the Haskell function. One may think that the code can be rear-
ranged to evaluate under A-abstraction too, but the way it works does not
allow so. Interpreting a A-abstraction requires to bound the value passed
as argument in the environment, and then interpreting the body of the A-
abstraction with this new environment. This is analogous to the evaluation
of the substitution in the parametric evaluators. Interpreting the body of a
A-abstraction implies the interpreter has already done the substitution (in a
metaphoric sense, because the interpreter use the environment rather than
substitution). The interpretation of the body of A-abstractions occurs on the
fly. This mechanism accounts also for §-reduction, since the operator of an
application is always a A-abstraction (otherwise the expression will not be
valid). This means that the evaluation order implemented by the interpreter
is CBV.

MCT uses an eval-apply schema. The expressions are interpreted before
passing them to apply. The apply function takes values and if the first one
is a function, it is applied to the second one. Other cases are not considered
because they stand for invalid expressions.

4.2.1. Programing with the MCI
We can interpret \-expressions with the MCI,

*MCI> interp emptyEnv $ ident
<function>
*MCI>

but the result will be very often a function, which is rendered by the pretty-
printer as the string <function>. We must interpret an expression whose
result is a constant to appreciate the MCI at work.

*MCI> interp emptyEnv $ App ident (Cons 3)
3
v*MCI>

Working with constants is very interesting, because it optimises the compu-
tation of arithmetic and logical operations and gets rid of Church encoding,
making the program less obfuscated. The possibility of working with prim-
itive data (Haskell’s data, not Reynolds applicative language data) is also
available, using apply as a primitive application function.

*MCI> apply (interp emptyEnv $ ident) (C 3)
3
*MCI>
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Notice that we must pass values to the apply function. Thus the constant 3 is
passed as a value C 3 instead of as an expression Cons 3 (C is the constructor
of values whereas Cons is the constructor of constant expressions). The same
trick applies to functions. We can “implement” a Church decoder applying
the interpretation of a natural number to a function which computes the
successor and the 0 value.

*MCI> let suc = F $ \(Cn) > C$n+1

*MCI> apply (apply (interp emptyEnv three) suc) (C 0)
3

*MCI>

Alternatively, we can build up an environment which contains primitive func-
tions and constants for the arithmetic and logical operations.

arit = addVar "zero" (C 0) $

addVar "true" (B True) $
addVar "false" (B False) $
addVar "suc" (F $ \(Cn) >C$n+ 1) $
addVar "pre" (F $\(Cn) > C$n - 1) %
addVar "add" (F $ \(Cm) > F $\(Cn) >C $m+n)$
addVar "mult" (F $ \(Cm) > F $\(Cn) >C$m=x*xn)$
addVar "expo" (F $\(Cm) >F $\(Cn) >C$m " n)$
addVar "equal" (F $ \(C m) ->

F $ \(C n) -> if m == n then B True

else B False) $
addVar "isZero" (F $ \(C n) -> if n == 0 then B True
else B False) $

addVar "neg" (F $ \(B b) -> B $ not b) $
addVar "&" (F $ \(Bp) >F$\Bq ->B$p&kaq $
addVar "|" (F $ \(Bp) >F$\Bq ->B$pll q $
emptyEnv

Then we can use those “reserved functions” in any expression.

*MCI> interp arit $ App (App three (Var "suc")) (Var "zero")
3
*MCI>

With this environment Cons 0 is denotationally equivalent (but operationally
different) to Var "zero".

*MCI> interp arit $ App (App three (Var "suc")) (Cons 0)
3
*MCI>
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Constant expressions are an interpreter’s built in feature. With the built in
features we don’t need to define them again if we change our environment,
but the features cannot change for different settings. With the reserved
functions we can change them for different setting, but we need to include
them in every environment. This raises the question, is it best to include
built in features or to let the definition of reserved constants and functions
in the environment? In this case the differences are not very significant, but
in a production interpreter each feature must be considered individually.

There are some issues regarding the way recursion is implemented. We
can just use the A-calculus fixed point combinators and implement it as we
have done in Chapter 3, but we must explicitly manage Church encoding and
decoding using primitive values:

*MCI> let factThree = App (App (App z fact_d) three) (Var "_")
*MCI> apply (apply (interp emptyEnv factThree) suc) (C 0)

6

*MCI>

We are using the Z combinator and the dummy arguments because MCI has
an evaluation order which seems to implements strict semantics. However,
as this is a naive implementation which is evaluation order dependent, we
may have used the Y combinator instead (since Haskell evaluation order
implements non-strict semantics).

*MCI> let factThree = App (App y fact) three

*MCI> apply (apply (interp emptyEnv factThree) suc) (C 0)
6

*MCI>

We are not using the improvement that the letrec entails. We can rewrite
the fact function:

factlr = Lrec "f" "n"
(Cond (App (Var "isZero") (Var "n"))
(Cons 1)
(App (App (Var "mult") (Var "n"))
(App (Var "f") (App (Var "pre") (Var "n")))))
(Lam "x" (App (Var "f") (Var "x")))

and then interpret it with the arit environment:

*MCI> factLr
letrec f=\n.if isZero n then 1 else (mult n)(f(pre n)) in \x.f x
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*MCI> interp arit $ App factLr (Cons 3)
6
*MCI>

Reynolds gave other three versions of the MCI. One which is first-order,
one which is evaluation order independent and one which is first-order and
evaluation order independent. We are not going to derive those versions here.
First we will restrict the interpreter to work with pure untyped A-calculus.

4.3. MCI for the Pure )\-calculus

The MCI can be easily transformed to work only with A-calculus. We
eliminate constant, conditional and letrec expressions, and define a new do-
main for its values, ranging over A-expressions and functions from values to
values.

data Val = T SLTerm
| F Fun
type Fun = Val -> Val

type Env = String -> Val

interp :: Env -> SLTerm -> Val

interp e (Var s) e s

interp e (Lam v b) = F (\t -> interp (addVar v t e) b)
interp e (App m n) = apply (interp e m) (interp e n)

apply :: Val -> Val -> Val
apply (F f) n =fn

Interpreting A-expressions is discouraging, because it does not allow free
variables, and functions are printed as <function>.

*MCILCalc> interp emptyEnv ident
<function>

*MCILCalc> interp emptyEnv redex
**%x Exception: Prelude.undefined
*MCILCalc> interp emptyEnv capture
<function>

*MCILCalc> interp emptyEnv free
*%x* Exception: Prelude.undefined
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*MCILCalc> interp emptyEnv varApp
*%* Exception: Prelude.undefined
*MCILCalc> interp emptyEnv two
<function>
*MCILCalc> interp emptyEnv omega
C-c C-cInterrupted.
*MCILCalc> interp emptyEnv lamOmega
<function>
*MCILCalc> interp emptyEnv constOmega
*%* Exception: Prelude.undefined
*MCILCalc> interp emptyEnv $ App (App y fact) three
<function>
*MCI> :{
*MCI| interp emptyEnv $
*MCI| App (App (App z fact_d) three) (Var "_")

*MCI| :}
<function>
*MCI>

A valid result is displayed as <function>, because the A-expressions does not
contain constants. Open expressions are not allowed, so redex and varApp
fail. omega yields undefined and lamOmega terminates, because MCI stops
interpretation under A-abstraction (what happens is that A-abstractions are
interpreted on the fly, as seen before). constOmega returns (the MCI is the
naive version and does not implement evaluation-order independence) but an
invalid result, because it has free variables. Recursion works both with the
Y and Z combinators, because Haskell laziness interferes the semantics.

It seems we can do very little with this interpreter, but this is not true.
We must resort to primitive application (apply) and primitive values

*MCILCalc> let intIdent = interp emptyEnv ident
*MCILCalc> apply ident (T $ Var "x")

X

*MCILCalc>

or to environments with primitive values.

*MCILCalc> let newEnv = addVar "x" (T $ Var "x") emptyEnv
*MCILCalc> interp newEnv $ App ident (Var "x")

X

*MCILCalc>

A version can be written which works fancier with free variables, using a
different environment.
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4.4. Interpreter with Free Variables

When a variable which is looked up does not appear in the environment,
it returns undefined, because this is interpreted as an invalid case. We can
modify the environment to return the variable being looked-up when it is not
found. This make the language definition slightly different, because a free
variable is not an exceptional situation. A free variable can now be applied
to some expression. We must extend also the cases in the apply function to

manage this scenario.

data Val

type Fun
instance
show

show

type Env

emptyEnv ::

emptyEnv

addVar ::

addVar s

interp ::

interp
interp
interp e

o O

apply ::
apply (F
apply (T

T SLTerm
| F Fun

Val -> Val

Show Val where
(T t) = show t
(F f) = "<function>"

= String -> Val

Env
s = (T $ Var s)

String -> Val -> Env -> Env
ve=\r > if r == s then
\
else
er

Env -> SLTerm -> Val

(Var s) =e s
(Lam v b) = F (\t -> interp (addVar v t e) b)
(App m n) = apply (interp e m) (interp e n)

Val -> Val -> Val
f) n =fn
m) (Tn) =T $ Appmn

Putting it to work with some A-calculus expressions we get:

*MCIFreeVars> interp emptyEnv ident
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<function>

*MCIFreeVars> interp emptyEnv redex

X

*MCIFreeVars> interp emptyEnv capture

<function>

*MCIFreeVars> interp emptyEnv free

x y(z y)

*MCIFreeVars> interp emptyEnv varApp

*x** Exception: Interp/MCIFreeVars.lhs:(36,2)-(37,32):
Non-exhaustive patterns in function apply

*MCIFreeVars> interp emptyEnv two
<function>
*MCIFreeVars> interp emptyEnv omega
C-c C-cInterrupted.
*MCIFreeVars> interp emptyEnv lamOmega
<function>
*MCIFreeVars> interp emptyEnv constOmega
y
*MCIFreeVars> interp emptyEnv $ App (App y fact) three
<function>
*MCIFreeVars> :{
*MCIFreeVars| interp emptyEnv $
*MCIFreeVars| App (App (App z fact_d) three) (Var "_")
*MCIFreeVars| :}
<function>
*MCIFreeVars>

This interpreter is as powerful as the previous one but it lets an easier ma-
nipulation of open expressions, since the environment can deal with them. It
still lacks the ability to visualise values which are functions. We would like to
know the irreducible expression denoting the value returned by the interpret,
but this is not possible because function values discard the information of
the A-abstractions denoting them. It also does not support functions in the
place of the argument where the operand is a free variable.

This does not fulfil with the concept of evaluation we have seen in Chap-
ter 3. We need a way to interpret to values which contain the normal form
as a A-expression.
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4.5. MCI with Applications of Free Variables

We want our values to contain also irreducible A-expressions (no matter
which notion of irreducible expression) which denote that value. Thus, we
may compare the interpreter and its evaluation order with the evaluators in
Chapter 3.

When interpreting a A-abstraction we translate it to an anonymous Haskell
function, loosing forever the information about its formal parameter and his
body. This is not completely true. Inside the Haskell function there is
an invocation to interp where the body of the A-abstraction is interpreted
(remember the on the fly interpretation of A-abstractions, in Section 4.2),
taking an environment which binds the formal parameter. We can imple-
ment a toSLTerm function taking a value and building a A-abstraction from
it. To do so we just pick a variable x and return the A-abstraction which has
this variable as formal parameter and the application of the function value
to Var "x" as body (where this body is recursively translated into SLTterm).

toSLTerm (T t) =t
toSLTerm (F f) = (Lam "x" (toSLTerm $ f (Var "x"))

This gives us a A-expression which resembles the irreducible expression de-
noting the value, except for the formal parameter, which is always the same.
This cause a loss of information and possibly captures the free variables in-
side the body. We can cheat a little (for a fair purpose) and annotate every
function with the name of the formal parameter of the A-abstraction which
gave it to life.

data Val = T SLTerm
| F Fun String
type Fun = Val -> Val

instance Show Val where
show = show . toSLTerm

toSLTerm :: Val -> SLTerm

toSLTerm (T t) t

toSLTerm (F f v) let b=f $T$ Var v
in Lam v $ toSLTerm b

type Env = String -> Val
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emptyEnv :: Env
emptyEnv s = T $§ Var s

addVar :: String -> Val -> Env -> Env
addVar s v e = \r -> if r == s then
v
else
er
interp :: Env -> SLTerm -> Val
interp e (Var s) = e s

interp e (Lam v b) =
F (\t -> interp (addVar v t e) b) v
interp e (App m n) = apply (interp e m) (interp e n)

apply :: Val -> Val -> Val
apply (F f v) n=fn
apply (Tm) n=T$ App m $ toSLTerm n

We would need some kind of a-conversion to avoid capturing free variables,
but this cannot be done easily, because we do not know the free and bound
variables of a function values. This problem becomes apparent only when
translating a vale to a SLTerm and showing it. The interpreter will compute
the right thing, but when we show that thing we may give a term where
capture of variables may occurs. We present the results of the interpreter
but with this consideration:

*MCIApp> interp emptyEnv ident

\x.x

*MCIApp> interp emptyEnv redex

X

*MCIApp> interp emptyEnv capture

\y.y

*MCIApp> interp emptyEnv free

x y(z vy

*MCIApp> interp emptyEnv varApp

x(\x.y)

*MCIApp> interp emptyEnv two

\f. \x.f(f %)

*MCIApp> interp emptyEnv omega
C-c C-cInterrupted.
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*MCIApp> interp emptyEnv lamOmega

\x. C-c C-cInterrupted.

*MCIApp> interp emptyEnv constOmega

y

*MCIApp> interp emptyEnv $ App (App y fact) three
\fA\x.fEEEEE %))

*MCIApp> :{

*MCIApp| interp emptyEnv $

*MCIApp| App (App (App z fact_d) three) (Var "_")

*MCIApp| :%}
\fA\x FEEEEE 2))))
*MCIApp>

We can observe the issue with variable capturing when interpreting capture.
The function returned by the interpreter is right, but when we try to visualise
we cannot apply the appropriate a-conversion to show a A-expression denot-
ing it accurately. Noticed when interpreting lamOmega, the show variable
tries to do their job and it runs indefinitely.

Now we must ask what is the evaluation order implemented by the MCI.
First we need a version which is evaluation order independent. We are not
following Reynolds completely here. We provide Reynolds CPS version, and
then we apply the strategies we saw in Chapter 3 to provide our own versions.
We can derive interpreters for every semantics preserving strategy, but we
have already done this exercise for the evaluators. We explore only the CPS
and the monadic approach.

4.6. CPS MCI for Untyped A-calculus

Following Reynolds’ implementation of CPS we give the MCI with CPS.

data Val = T SLTerm
| F Fun
type Fun = Val -> Cont -> Val

type Cont = Val -> Val
type Env = String -> Val

emptyEnv :: Env
emptyEnv s = undefined
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addVar :: String -> Val -> Env -> Env
addVar s v e = \r -> if r == s then
v
else
er

n

interp :: Env -> SLTerm -> Cont -> Val
(Var s) c=c $ e s
(Lam v b) c=c $ F $\ac —>
interp (addVar v a e) b ¢
(App m n) ¢ = interp e m (\(F £f) ->
interp e n (\a -> f a c))

interp
interp

o)

(0]

o

interp

This is an eval-case interpreter (the case expression is obviated by pattern
matching in the anonymous function). An eval-apply equivalent interpreter
is possible, but it will obfuscate the CPS.

As we discussed in Section 4.2 this interpreter (now fixed with the CPS)
implements an evaluation order which leads to strict semantics, because the
continuation in the (App m n) case is passed to the interpretation of the
n, and this in turn is passed as a continuation to the interpretation of the
m. Both m and n are interpreted before executing the continuation in the
(App m n) case

If we run the tests:

*MCILCalcCont> (interp emptyEnv ident) id

<function>

*MCILCalcCont> (interp emptyEnv redex) id

*%* Exception: Prelude.undefined

*MCILCalcCont> (interp emptyEnv capture) id

<function>

*MCILCalcCont> (interp emptyEnv free) id

*%* Exception: Prelude.undefined

*MCILCalcCont> (interp emptyEnv varApp) id

*%* Exception: Prelude.undefined

*MCILCalcCont> (interp emptyEnv two) id

<function>

*MCILCalcCont> (interp emptyEnv omega) id
C-c C-cInterrupted.

*MCILCalcCont> (interp emptyEnv lamOmega) id

<function>

*MCILCalcCont> (interp emptyEnv constOmega) id
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C-c C-cInterrupted.

*MCILCalcCont> (interp emptyEnv $ App (App y fact) three) id
C-c C-cInterrupted.

*MCILCalcCont> :{

*MCILCalcCont| (interp emptyEnv $

*MCILCalcCont| App (App (App z fact_d) three) (Var "_")

*MCILCalcCont| ) id

*MCILCalcCont| :}

<function>

*MCILCalcCont>

The interpreter stops interpretation under A-abstractions, because they
are “translated” to Haskell on the fly. When interpreting omega the inter-
preter never stops. This is what we want, because any evaluation order must
not terminate with omega. When interpreting lamOmega it returns a func-
tion, which will interpret omega when passing some argument to it. We must
use the Z combinator and dummy arguments. The interpreter implements
an eager strategy and will run forever with the Y combinator.

We can apply the value resulting when interpreting lamOmega to some
other value. We do not have the primitive apply function, so we must build
up a continuation.

*MCILCalcCont> let dummy = interp emptyEnv (Var "_")
*MCILCalcCont> let cont = (\(F f) -> dummy (\a -> f a id))
*MCILCalcCont> (interp emptyEnv lamOmega) cont

This runs forever, because now the body of Lam "x" omega is being inter-
preted.

4.7. Monadic MCI for Untyped A-calculus

The MCI for A-calculus in Section 4.3 can be improved by the use of
monads.

data Val = T SLTerm

| F Fun
type Fun = Monad m => Val -> m Val
type Env = String -> Val

emptyEnv :: Env
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emptyEnv s = undefined

addVar :: String -> Val -> Env -> Env
addVar s v e = \r -> if r == s then
v
else
er
interp :: Monad m => Env -> SLTerm -> m Val
interp e (Var s) = return $ e s

interp e (Lam v b)
return $ F $§ \t -> interp (addVar v t e) b
interp e (App m n) = apply (interp e m) (interp e n)

apply :: Monad m => m Val -> m Val -> m Val
apply op ar = do m <- op
n <- ar
case m of
(Ff) >fn

Everything turns into monadic, including apply and the function inside the
Value data type. This forces to call apply with a non-monadic style and to do
the monadic application of the operator to the argument inside apply. This
does not alter the CPS schema, it just delays the continuations to take effect
inside apply instead of inside interp. For the body of lambda expressions
we just invoke the interpreter recursively (we do not need to interpret a piece
of the expression and then build the whole value, because the MCI interprets
A-abstractions on the fly).

*MonadMCILCalc> (runCont $ interp emptyEnv ident) id
<function>

*MonadMCILCalc> (runCont $ interp emptyEnv redex) id
*%* Exception: Prelude.undefined

*MonadMCILCalc> (runCont $ interp emptyEnv capture) id
<function>

*MonadMCILCalc> (runCont $ interp emptyEnv free) id
*%* Exception: Prelude.undefined

*MonadMCILCalc> (runCont $ interp emptyEnv varApp) id
*%* Exception: Prelude.undefined

*MonadMCILCalc> (runCont $ interp emptyEnv two) id
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<function>

*MonadMCILCalc> (runCont $ interp emptyEnv omega) id
C-c C-cInterrupted.

*MonadMCILCalc> (runCont $ interp emptyEnv lamOmega) id

<function>

*MonadMCILCalc> (runCont $ interp emptyEnv constOmega) id
C-c C-cInterrupted.

*MonadMCILCalc> (runCont $ interp emptyEnv $ App (App y fact) three) id
C-c C-cInterrupted.

*MonadMCILCalc> :{

*xMonadMCILCalc| (runCont $ interp emptyEnv $

*MonadMCILCalc| App (App (App z fact_d) three) (Var "_")

*MonadMCILCalc| ) id

*MonadMCILCalc| :}

<function>

*MonadMCILCalc>

The behaviour of this interpreter is similar to the CPS one. We have an
eager evaluation order which is strict on applications. The evaluation order
is CBV. This evaluation order implements strict semantics and is suitable for
recursion with the Z combinator.

Both the CPS and the monadic MCI could be extended with the free
variables (Section 4.4) and the applications of free variables (Section 4.5)
mechanisms. Nevertheless we will focus on the basic version to give the
parametric interpreter.

4.8. Parametric MCI

There are three places where the MCI recursively calls itself. Applying
the ideas in Section 3.3 the evaluation order can be abstracted out using a
MCI which takes interpreters as parameters, and applies them in the places
mentioned above. This leads to a parametric MCI with three parameters.

data Val = T SLTerm

| F Fun
type Fun = Val -> Val
type Env = String -> Val

emptyEnv :: Env
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emptyEnv s = undefined

addVar :: String -> Val -> Env -> Env
addVar s v e = \r -> if r == s then
v
else
er

type Interp = Env -> SLTerm -> Val

interp :: Interp -> Interp -> Interp -> Interp

interp la op ar e (Var s) =-e s

interp la op ar e (Lam v b) = F (\t -> la (addVar v t e) b)
interp la op ar e (App m n) = apply (op e m) (ar e n)

apply :: Val -> Val -> Val
apply (F f) n=fn

We consider the fixed points:

intlId :: Interp
intIld e t = (T t)

cbv
cbn

interp cbv cbv cbv
interp cbn cbn intId

We must reduce the number of effective parameters only to one. The la
is involved in (-reduction and op determines if the operator is interpreted
(which we want always to happen). This seem limiting, but still we can define
two different orders of evaluation. They do not interpret under A-abstraction.
They correspond to CBV and CBN.

This generic interpreter does not implement any semantics preserving
mechanism. We give the monadic version with the Cont monad, which is our
reference solution.

data Val = T SLTerm

| F Fun
type Fun = Monad m => Val -> m Val
type Env = String -> Val

type Interp = Monad m => Env -> SLTerm -> m Val
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interp :: Interp -> Interp —-> Interp -> Interp

interp la op ar e (Var s) = return $ e s

interp la op ar e (Lam v b) =

return $ F $ \t -> la (addVar v t e) b

interp la op ar e (App m n) = dom’ <- op e m

n’ <- ar

en

apply (op e m) (ar e n)

apply :: Monad m => m Val -> m Val -> m Val

apply op ar = do m <- op
n <- ar
case m of
(Ff) >fn

The fixed points for this interpreter are:

mId :: Interp
mIld e t = return $ T t

cbv
ha

interp cbv cbv cbv
interp cbn cbn mId

We run the tests for CBV:

*MonadMCI3LCalcFix> (runCont $ cbv

<function>

*MonadMCI3LCalcFix> (runCont $ cbv

*¥% Exception: Prelude.undefined

*MonadMCI3LCalcFix> (runCont $ cbv

<function>

*MonadMCI3LCalcFix> (runCont $ cbv

**x*x Exception: Prelude.undefined

*MonadMCI3LCalcFix> (runCont $ cbv

x*x* Exception: Prelude.undefined

*MonadMCI3LCalcFix> (runCont $ cbv

<function>

*MonadMCI3LCalcFix> (runCont $ cbv
C-c C-cInterrupted.

*MonadMCI3LCalcFix> (runCont $ cbv

<function>

*MonadMCI3LCalcFix> (runCont $ cbv
C-c C-cInterrupted.

87

emptyEnv
emptyEnv
emptyEnv
emptyEnv
emptyEnv
emptyEnv
emptyEnv
emptyEnv

emptyEnv
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capture) id
free) id
varApp) id
two) id
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constOmega) id



*MonadMCI3LCalcFix> (runCont $ cbv emptyEnv $ App (App y fact) three) id
C-c C-cInterrupted.

*MonadMCI3LCalcFix> :{

*MonadMCI3LCalcFix| (runCont $ cbv emptyEnv $

*MonadMCI3LCalcFix| App (App (App z fact_d) three) (Var "_")

*MonadMCI3LCalcFix| ) id

*MonadMCI3LCalcFix| :}

<function>

*MonadMCI3LCalcFix>
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Chapter 5

Results and conclusions

The most important novel result of this thesis has been the development
of generic evaluators and interpreters for the A-calculus. The parametric
evaluators led us to the discovery of a space (we called the S-hypercube)
where every evaluation order can be found. This could be the first systematic
implementation of every evaluation order which is available.

We have shown how to instantiate the parametric evaluator into uniform
(fixed points with single recursion) and hybrid (fixed points with mutual
recursion) evaluation orders. Hybrid ones are interesting because they apply
several strategies in different stages of the evaluation process. As an example,
the HA evaluation order is an eager strategy, with very good performance,
that always returns a normal form, but still retains the ability to work with
recursion, like some weaker (in the sense of irreducibility) evaluation orders.

In the latest version of the parametric evaluator we minimised the number
of parameters to four. This induces an easy-to-manipulate space where even
the hybrid strategies can be defined with single recursion. This evaluator
prunes the -hypercube shadowing some evaluation orders which may seem
reasonable. Nevertheless, every previously described evaluation orders fits
in.

In the compositional approach we exploit mixins to isolate elementary
features of the evaluators that can be mixed up resulting every uniform eval-
uation order in the S-hypercube. We also proposed non-standard mixin com-
binators that allow more intricate inheritance graphs. With this combinators
is possible to define the hybrid evaluation orders as well.

We collect the results in [19], and put them into relation to the (-
hypercube, revealing the peculiarities of the evaluation orders of Reynolds’
interpreters, where the on the fly interpretation of A-abstractions leads natu-
rally to strategies that do stop interpreting when they found a A-abstraction.

We also developed a generic (parametric) interpreter from it, which maps
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a subset of the -hypercube.

We reiterate in detail our work and results:

1. We have discussed and implemented in Haskell evaluators for the un-
typed A-calculus that realise the foremost evaluation orders (AOR,
NOR, CBN, and CBV among others). We started with naive (and
inaccurate) versions, discussing issues of free variables and indepen-
dence from Haskell’s evaluation order. We then presented classic (non-
monadic, eval-case) as well as monadic evaluators that really imple-
ment appropriate evaluation orders by dint of special features such as
strict application, continuations, and monads. We have addressed and
discussed the difficulties of overriding the implementation language’s
evaluation order when implementing an evaluator for a higher-order
language, particularly in the context of non-strict Haskell.

2. We have presented novel generic evaluators which generalise all specific
ones and are capable of implementing all evaluation orders. Gener-
icity has been achieved by parametrisation. Generic evaluators are
higher-order functions whose parameters factor-out the distinctive bits
of behaviour of specific evaluators (evaluation under lambda, evalua-
tion of parameters in application, etc). Particular evaluators have been
defined as fixed points of generic ones. We have presented monadic and
non-monadic versions of generic evaluators and investigate the param-
eter space or (3-hypercube, as we like to call it. A finite definition of
this space contains the salient evaluation orders. An infinite definition
of a similar space is given by means of mutually recursive fixed points.
It is possible to define evaluators that act on particular subexpressions
only. Hybrid evaluators have been presented as combinations of the
former. We have discussed parameter minimalisation and its impact
on expressiveness.

3. We have presented a novel generic evaluator where genericity has been
achieved by means of mixins [5]. We have defined elementary com-
ponents which isolate distinctive bits of behaviour so that particular
evaluation orders have been defined by composing particular compo-
nents.

4. We present versions of Reynolds interpreters [19] for the pure A-calculus

and a generic-parametric version that abstracts out the evaluation or-
der.
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Chapter 6

Future Work

We outline the main lines of future work on this thesis:

= To develop formal proofs of correctness for evaluators and interpreters
and to study the general proof for the generic versions in relation to
the proofs for each specific version, which would show the benefits of
genericity in action. We should also develop proofs in the context of
mixins, which are not that studied.

= To extend our generic evaluators to typed and extended lambda calcu-
lus, and go into the A-cube [2].

= To study possible changes of representation and substitution: DeBruijn
indices, closures, etc.

= Reynolds’ interpreters do not force evaluation under A-abstraction. We
should explore possible mechanisms to achieve this. The interpreters
would be able to implement more evaluation orders than CBN and
CBV. We should study also interpreters with hybrid evaluation orders
and revise the number of parameters of the parametric interpreter. We
should also explore the mixin road.

= The final stroke is to apply Danvy’s work and study whether a generic
(or “pluggable” with smaller machines) abstract machine can be ob-
tained from generic interpreters.
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Appendix A

Illustrative A-expressions

This is the code of the A-expressions used in this thesis as tests for the
evlauators and the interpreters.

suc = Lam "n"
(Lam "f"
(Lam "x"
(App (Var "f")
(App (App (Var "n") (Var "f"))
(Var "x")))))

pre = Lam "x"
(Lam "y"
(Lam "z"
(App (App (App (Var "x") inter)
(App true (Var "z")))
(Lam "x" (Var "x")))))
where inter = Lam "p"
(Lam "q"
(App (Var "g")
(App (Var "p") (Var "y"))))

cons = Lam "x" (Lam "y" (Var "x"))
add = Lam "m" (Lam "n" (App (App (Var "n") suc) (Var "m")))
mult = Lam "m" (Lam "n"

(Lam ufn (APP (Var umn
(App (Var "n") (Var "£")))))
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expo = Lam "m" (Lam "n" (App (App (Var "n")
(App mult (Var "m"))) one))

true = Lam "p" (Lam ”q" (Var l|pn))
false = Lam "p" (Lam "q" (Var "q"))

cond = Lam "c"

(Lam "t"

(Lam "f"

(App (App (Var "c") (Var "t")) (Var "f"))))
chNot = Lam "p" (App (App (App cond (Var "p")) false) true)
chAnd = Lam "p" (Lam "q" (App (App (App cond (Var "p"))
(Var "q")) false))
chOr = Lam "p" (Lam "q" (App (App (App cond (Var "p")) true)
(Var "q9")))

isZero = Lam "n" (App (App (Var "n") (App cons false)) true)

ident = Lam "x" (Var "x")
redex = App (Lam "x" (Var "x")) (Var "x")
omega = App twice twice
where twice = Lam "x" (App (Var "x") (Var "x"))
lamOmega = Lam "x" omega

constOmega = App (Lam "x" (Var "y")) omega
Capture = App (Lam Nyt (Lam nyu (Var "X”))) (Var "y")
free = App (App (Lam "x" (App (Var "x") (Var "y")))
(Var "X"))
(App (Lam "y" (App (Var "z") (Var "y")))
(Var nyn))

varApp = App (Var "x") (Lam "x" (Var "y"))

zero = Lam "f" (Lam "x" (Var "x"))
one = App suc zero

two = App suc one

three = App suc two

four = App suc three

five = App suc four
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y = Lam "f" (App fTwice fTwice)
where fTwice = Lam "x"
(App (Var "f")
(App (Var "x") (Var "x")))
fact = Lam "f"
(Lam "n"
(App (App (App cond (App isZero (Var "n")))
one)
(App (App mult (Var "n"))
(App (Var "f") (App pre (Var "n"))))))

z = Lam "f" (App fYTwice fYTwice)
where fYTwice = Lam "x"
(Lam "y"
(App (App (Var "f")
(App (Var "x") (Var "x")))
(Var "y")))
fact_d = Lam "f"
(Lam "n"
(App (App (App cond (App isZero (Var "n")))
(Lam "d" one))
(Lam "d" (App (App mult (Var "n"))
(App (App (Var "f")
(App pre (Var "n")))
(Var "d"))))))
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Appendix B

Naive Evaluators

The following evaluators are naive in the sense that they do not implement
the proper evaluation orders. Haskell’s evaluation order gets in the way.

CBYV Naive Evaluator

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) =v
evalCBV 1@(Lam v b) 1
evalCBV (App m n)
let m’ = evalCBV m
n’ = evalCBV n
in case m’ of
(Lam v b) -> evalCBV $ subst v b n’
-> App m’ n’

AOR Naive Evaluator

evalAOR :: SLTerm -> SLTerm

evalAOR v@(Var s) v

evalAOR (Lam v b) let b’ = evalAOR b
in Lam v b’

evalAOR (App m n) =
let m’ evalAOR m
n’ evalAOR n
in case m’ of
(Lam v b) -> evalAOR $ subst v b n’
-> App m’ n’
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CBN Naive Evaluator

evalCBN :: SLTerm -> SLTerm
evalCBN v@(Var s)
evalCBN 1@(Lam v b)
evalCBN (App m n) =

let m’ = evalCBN m

in case m’ of

(Lam v b) -> evalCBN $ subst v b n
in Appm’ n

v
1

HE Naive Evaluator

evalHE :: SLTerm -> SLTerm

evalHE v@(Var s) v

evalHE (Lam v b) let b’ = evalHE b
in $ Lam v b’

evalHE (App m n)
let m’ = evalHE m
in case m’ of
(Lam v b) -> evalHE $ subst v b n
-> Appm’ n
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NOR Naive Evaluator

evalNOR :: SLTerm -> SLTerm
evalNOR v@(Var s)
evalNOR (Lam v b)

'
let b’ = evalNOR Db
in Lam v b’

evalNOR (App m n) =
let m’ = evalCBN m
in case m’ of
(Lam v b) -> evalNOR $ subst v b n

_ -> let m’’ = evalNOR m’
n’ = evalNOR n’
in App m’’ n’

HA Naive Evaluator

evalHA :: SLTerm -> SLTerm

evalHA v@(Var s) = v

evalHA (Lam v b) let b’ = evalHA b
in Lam v b’

evalHA (App m n) =
let m’ = evalCBV m
n’ = evalHA n
in case m’ of
(Lam v b) -> evalHA $ subst v b n’
-> App m’ n’

HN Naive Evaluator

evalHN :: SLTerm -> SLTerm
evalHN v@(Var s) = v
evalHN (Lam v b) let b’ = evalHN b
in Lam v b’

evalHN (App m n) =

let m’ = evalHE m

in case m’ of

(Lam v b) -> evalHN $ subst v b n

=

_ -> let m’’ = evalHN m’
n’ = evalHN n’
in App m’’ n’
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Appendix C

Evaluators Using Pattern
Matching

The following evaluators use pattern matching to force the evaluation of the
expressions at certain points, thus preserving the intended semantics for the
defined language.

CBYV Evaluator with Pattern Matching

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) = v
evalCBV 1@(Lam v b) 1
evalCBV (App m n)
let m’ = evalCBV m
n’ = evalCBV n
in case m’ of
(Lam v b) -> case n’ of
(Var _) -> evalCBV $ subst v b n’
_ -> evalCBV $ subst v b n’
-> case n’ of
(Var _) -> App m’ n’
_ -> App m’ n’
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AOR Evaluator with Pattern Matching

evalAOR :: SLTerm -> SLTerm
evalAOR v@(Var s)
evalAOR (Lam v b)

evalAOR (App m n)
let m’ = evalAOR m
n’ = evalAOR n

in case m’

of

v
let b’ = evalAOR b

in case b’

(Var _)

(Lam v b) —> case n’

(Var _)
-> case n’
(Var _)

of

->
->

Lam v b’
Lam v b’

evalAOR $ subst v b n’
evalAOR $ subst v b n’

App m’ n’
App m’ n’

CBN Evaluator with Pattern Matching

evalCBN :: SLTerm -> SLTerm
evalCBN v@(Var s
evalCBN 1@(Lam v b)
evalCBN (App m n)

let m’ = evalCBN m

in case m’

of

) =v

1

(Lam v b) —> evalCBN $ subst v b n

-> App m’ n
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HE Evaluator with Pattern Matching

evalHE :: SLTerm -> SLTerm
evalHE v@(Var s )
evalHE 10@(Lam v b)

\Y%
let b’ = evalHE b
in Lam v $! b

evalHE (App m n)
let m’ = evalHE m
in case m’ of
(Lam v b) -> evalHE $ subst v b n
-> Appm’ n

NOR Evaluator with Pattern Matching

evalNOR :: SLTerm -> SLTerm
evalNOR v@(Var s) v
evalNOR (Lam v b) let b’ = evalNOR b
in case b’ of
(Var _) -> Lam v b’
-> Lam v b’

evalNOR (App m n)
let m’ = evalCBN m
in case m’ of
(Lam v b) -> evalNOR $ subst v b n
-> let n’ = evalNOR n
in case n’ of
(Var _) -> App m’ n’
-> App m’ n’
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HA Evaluator with Pattern Matching

evalHA :: SLTerm -> SLTerm
evalHA v@(Var s)
evalHA (Lam v b)

v
let b’ = evalHA b
in case b’ of
(Var _) -> Lam v b’
-> Lam v b’

evalHA (App m n) =
let m’ = evalCBV m
n’ = evalHA n
in case m’ of
(Lam v b) -> case n’ of
(Var _) -> evalHA $ subst v b n’
_ -> evalHA $§ subst v b n’
-> case n’ of
(Var _) -> App m’ n’
-> App m’ n’

HN Evaluator with Pattern Matching

evalHN :: SLTerm -> SLTerm
evalHN v@(Var s8) = v
evalHN (Lam v b) let b’ = evalHN b
in case b’ of
(Var _) -> Lam v b’
-> Lam v b’

evalHN (App m n) =
let m’ = evalHE m
in case m’ of
(Lam v b) -> evalHN $ subst v b n
-> let n’ = evallHN n
in case n’ of
(Var _) -> App m’ n’
-> App m’ n’
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Appendix D

Evaluators using the Strict
Application Operator ($!)

The following evaluators use the strict application operator ($!)to force the
evaluation of the expressions at certain points, thus preserving the intended
semantics for the defined language.

CBYV Evaluator using ($!)

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) = v
evalCBV 1@(Lam v b) 1
evalCBV (App m n)
let m’ = evalCBV m
n’ = evalCBV n
in case m’ of
(Lam v b) -> evalCBV $ subst v b $! n’
-> App m’ $! n’
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AOR Evaluator using ($!)

evalAOR :: SLTerm -> SLTerm
evalAOR v@(Var s)
evalAOR (Lam v b)

'
let b’ = evalAOR b
in Lam v $! b’
evalAOR (App m n) =
let m’ = evalAOR m
n’ = evalAOR n
in case m’ of
(Lam v b) -> evalAOR $ subst v b $! n’
-> App m’ $! n’

CBN Evaluator using ($!)

evalCBN :: SLTerm -> SLTerm
evalCBN v@(Var s) =v
evalCBN 1@(Lam v b) 1
evalCBN (App m n)

let m’ = evalCBN m

in case m’ of

(Lam v b) -> evalCBN $ subst v b n

-> App m’ n
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HE Evaluator using ($!)

evalHE :: SLTerm -> SLTerm
evalHE v@(Var s) = v
evalHE (Lam v b) let b’ = evalHE b
in Lam v $! b’

evalHE (App m n) =

let m’ = evalHE m

in case m’ of

(Lam v b) -> evalHE $ subst v b n

-> Appm’ n

=

NOR Evaluator using ($!)

evalNOR :: SLTerm -> SLTerm
evalNOR v@(Var s) v
evalNOR (Lam v b) let b’ = evalNOR b
in Lam v $! b’
evalNOR (App m n) =
let m’ = evalCBN m
in case m’ of
(Lam v b) -> evalNOR $ subst v b n
-> let n’ = evalNOR n
in App m’ $! n’

HA Evaluator using ($!)

evalHA :: SLTerm -> SLTerm
evalHA v@(Var s) = v
evalHA (Lam v b) let b’ = evalHA b
in Lam v $! b’

evalHA (App m n) =

let m’ = evalCBV m

n’ = evalHA n
in case m’ of
(Lam v b) -> evalHA $ subst v b $! n’

-> App m’ $! n’
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HN Evaluator using ($!)

evalHN :: SLTerm -> SLTerm
evalHN v@(Var s)
evalHN (Lam v b)

v
let b’ = evalHN b
in Lam v $! b’
evalHN (App m n) =

let m’ = evalHE m

in case m’ of

(Lam v b) -> evalHN $ subst v b n

-> let n’ = evalHN n

in App m’ $! n’
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Appendix E

Evaluators using the Strict
Sequencing Operator (seq)

The following evaluators use the strict sequencing operator seq to force the
evaluation of the expressions at certain points, thus preserving the intended
semantics for the defined language.

CBYV Evaluator using seq

evalCBV :: SLTerm -> SLTerm
evalCBV v@(Var s) v
evalCBV 1@(Lam v b) 1
evalCBV (App m n) =

let m’ evalCBV m

n’ evalCBV n
in case m’ of
(Lam v b) -> n’ ‘seq‘ (evalCBV $ subst v b n’)

->n’ ‘seq‘ (App m’ n’)
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AOR Evaluator using seq

evalAOR :: SLTerm -> SLTerm
evalAOR v@(Var s)
evalAOR (Lam v b)

v
let b’ = evalAOR b
in b’ ‘seq‘ (Lam v b’)
evalAOR (App m n) =
let m’ = evalAOR m
n’ = evalAOR n
in case m’ of
(Lam v b) -> n’ ‘seq‘ (evalAOR $ subst v b n’)
->n’ ‘seq‘ (App m’ n’)

CBN Evaluator using seq

evalCBN :: SLTerm -> SLTerm
evalCBN v@(Var s) =v
evalCBN 1@(Lam v b) 1
evalCBN (App m n)
let m’ = evalCBN m
in case m’ of
(Lam v b) -> evalCBN $ subst v b n
-> let n’ = evalCBN n
in n’ ‘seq‘ (App m’ n’)
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HE Evaluator using seq

evalHE :: SLTerm -> SLTerm
evalHE v@(Var s)
evalHE 1@(Lam v b)
evalHE (App m n) =
let m’ = evalHE m
in case m’ of
(Lam v b) -> evalHE $ subst v b n
-> let n’ = evalHE n
in n’ ‘seq‘ (App m’ n’)

v
1

NOR Evaluator using seq

evalNOR :: SLTerm -> SLTerm
evalNOR v@(Var s) v
evalNOR (Lam v b) let b’ = evalNOR b
in b’ ‘seq‘ (Lam v b’)

evalNOR (App m n) =
let m’ = evalCBN m
in case m’ of
(Lam v b) -> evalNOR $ subst v b n
-> let n’ = evalNOR n
in n’ ‘seq‘ (App m’ n’)

HA Evaluator using seq

evalHA :: SLTerm -> SLTerm
evalHA v@(Var s) = v
evalHA (Lam v b) let b’ = evalHA b
in b’ ‘seq‘ (Lam v b’)

evalHA (App m n) =
let m’ = evalCBV m
n’ = evalHA n
in case m’ of
(Lam v b) -> n’ ‘seq‘ (evalHA $ subst v b n’)
_ ->1n’ ‘seq‘ (App m’ n’)
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HN Evaluator using seq

evalHN :: SLTerm -> SLTerm
evalHN v@(Var s)
evalHN (Lam v b)

v
let b’ = evalHN b
in b’ ‘seq‘ (Lam v b’)
evalHN (App m n) =

let m’ = evalHE m

in case m’ of

(Lam v b) -> evalHN $ subst v b n

-> let n’ = evalHN n

in n’ ‘seq‘ (App m’ n’)
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Appendix F

Evaluators using CPS

The following evaluators use CPS to force the evaluation of the expressions
at certain points, thus preserving the intended semantics for the defined
language.

CBYV Evaluator using CPS

evalCBV :: SLTerm -> (SLTerm -> r) -> r
evalCBV v@(Var s) c=cvV
evalCBV 1@(Lam v b) ¢ = c 1
evalCBV (App m n) c =

evalCBV m

(\m> -> evalCBV n

(\n’ -> case m’ of
(Lam v b) -> evalCBV (subst v b n’) ¢

->c $ App m’ n’))
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AOR Evaluator using CPS

evalAOR :: SLTerm -> (SLTerm -> r) -> r
evalAOR v@(Var s) ¢ = c v
evalAOR (Lam v b) ¢ = evalAOR b

(\b> > ¢ $ Lam v b?)

(@]

evalAOR (App m n)
evalAOR m
(\m’ -> evalAOR n

(\n’ -> case m’ of
(Lam v b) -> evalAOR (subst v b n’) c¢
_ -> ¢ $ App m’ n’))

CBN Evaluator using CPS

evalCBN :: SLTerm -> (SLTerm -> r) -> r
evalCBN v@(Var s) c=cvV
evalCBN 1@(Lam v b) ¢ = c 1
evalCBN (App m n) ¢
evalCBN m
(\m’ -> case m’ of
(Lam v b) -> evalCBN (subst v b n) ¢
_ -> evalCBN n
(\n> -> ¢ $ App m’ n’))

114



HE Evaluator using CPS

evalHE :: SLTerm -> (SLTerm -> r) -> r
evalHE v@(Var s) c=cvV
evalHE 1@(Lam v b) ¢ = c 1
evalHE (App m n) ¢
evalHE m
(\m’ -> case m’ of
(Lam v b) -> evalHE (subst v b n) ¢
-> evalHE n
(\n> => ¢ $ App m’ n’))

NOR Evaluator using CPS

evalNOR :: SLTerm -> (SLTerm -> r) -> r
evalNOR v@(Var s) c=cvV
evalNOR 1@(Lam v b) ¢ = evalNOR b
(\b> > ¢ $ Lam v b?)
evalNOR (App m n) ¢ =
evalCBN m
(\m’ -> case m’ of
(Lam v b) -> evalNOR (subst v b n) c¢
-> evalNOR n
(\n> => ¢ $ App m’ n’))

HA Evaluator using CPS

evalHA :: SLTerm -> (SLTerm -> r) -> r
evalHA v@(Var s8) ¢ = c v
evalHA (Lam v b) ¢ = evalHA b

(\b> => ¢ $ Lam v b’)

evalHA (App m n) c
evalCBV m
(\m’> -> evalHA n
(\n’ -> case m’ of
(Lam v b) -> evalHA (subst v b n’) c
_ -> ¢ $ App m’ n’))
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HN Evaluator using CPS

evalHN :: SLTerm -> (SLTerm -> r) -> r
evalHN v@(Var s) c=cvV
evalHN 1@(Lam v b) ¢ = evalHN b

(\b> > ¢ $ Lam v b’)

evalHN (App m n) ¢
evalHE m
(\m’ -> case m’ of
(Lam v b) -> evalHN (subst v b n) ¢
-> evalHN n
(\n> -> ¢ $ App m’ n’))
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Appendix G

Monadic Evaluators

The following evaluators are implemented using monadic style. They will pre-
serve the intended semantics when instantiated with some particular monads.

CBYV Monadic Evaluator

evalCBV :: Monad m => SLTerm -> m SLTerm
evalCBV v@(Var s) = return v
evalCBV 1@(Lam v b) return 1
evalCBV (App m n)
do m’ <- evalCBV m
n’ <- evalCBV n
case m’ of
(Lam v b) -> evalCBV $ subst v b n’
-> return $ App m’ n’

AOR Monadic Evaluator

evalAOR :: Monad m => SLTerm -> m SLTerm

evalAOR v@(Var s) return v

evalAOR (Lam v b) do b’ <- evalAOR b
return $ Lam v b’

evalAOR (App m n) =
do m’ <- evalAOR m
n’ <- evalAOR n
case m’ of
(Lam v b) -> evalAOR $ subst v b n’
-> return $ App m’ n’
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CBN Monadic Evaluator

evalCBN :: Monad m => SLTerm -> m SLTerm
evalCBN v@(Var s) = return v
evalCBN 1@(Lam v b)
evalCBN (App m n)
do m’ <- evalCBN m
case m’ of

(Lam v b) -> evalCBN $ subst v b n

-> return $ App m’ n

return 1

HE Monadioc Evaluator

evalHE :: Monad m => SLTerm -> m SLTerm
evalHE v@(Var s) return v
evalHE 1@(Lam v b) return 1
evalHE (App m n)
do m’ <- evalHE m
case m’ of
(Lam v b) -> evalHE $ subst v b n
-> return $§ App m’ n

NOR Monadic Evaluator

evalNOR :: Monad m => SLTerm -> m SLTerm

evalNOR v@(Var s) return v

evalNOR (Lam v b) do b’ <- evalNOR b
return $ Lam v b’

evalNOR (App m n)
do m’ <- evalCBN m
case m’ of
(Lam v b) -> evalNOR $ subst v b n
-> do n’ <- evalNOR n
return $ App m’ n’
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HA Monadic Evaluator

evalHA :: Monad m => SLTerm -> m SLTerm
evalHA v@(Var s)
evalHA (Lam v b)

return v
do b’ <- evalHA b
return $ Lam v b’

evalHA (App m n) =
do m’ <- evalCBV m
n’ <- evalHA n
case m’ of
(Lam v b) -> evalHA $ subst v b n’
-> return $ App m’ n’

HN Monadic Evaluator

evalHN :: Monad m => SLTerm -> m SLTerm

evalHN v@(Var s) return v

evalHN (Lam v b) do b’ <- evalHN b
return $ Lam v b’

evalHN (App m n)
do m’ <- evalHE m
case m’ of
(Lam v b) -> evalHN $ subst v b n
-> do n’ <- evalHN n
return $§ App m’ n’
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Appendix H

Parametric Evaluators

The following are parametric evaluators, for them different fix points can be
written, which implement different reduction orders. We give the evaluators
according to every strategy in Section 2.8.

Naive Parametric Evaluator

type Ev = SLTerm —-> SLTerm
eval :: Ev -> Ev -> Ev —>
Ev -=> Ev -> Ev -> Ev

eval la opl arl su op2 ar2 v@(Var s) = v
eval la opl arl su op2 ar2 (Lam v b) =
let b’ = 1la b
in Lam v b’
eval la opl arl su op2 ar2 (App m n) =
let m’ = oplm
in case m’ of
(Lam v b) -> let n’ = arl n
in su § subst v b n’
_ -> let m’’ = op2 m
n’’ = ar2 n
in App m’’ n’’
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Pattern Parametric Evaluator

type Ev = SLTerm -> SLTerm
eval :: Ev -> Ev -> Ev —>
Ev -=> Ev -> Ev -> Ev
eval la opl arl su op2 ar2 v@(Var s)
eval la opl arl su op2 ar2 (Lam v b)

I
<

let b’ =1a b

su $§ subst v b n’
su $ subst v b n’

App m)) n))

in case b’ of
(Var _) -> Lam v b’
_ -> Lam v b’
eval la opl arl su op2 ar2 (App m n) =
let m’ = opl m
in case m’ of
(Lam v b) -> let n’ = arl n
in case n’ of
(Var _) ->
_ ->
_ -> let m’’ = op2 m
n’’ = ar2 n
in case n’’ of
(Var _) ->
_ ->

App m)) n)}

Strict Application Operator Parametric Evaluator

type Ev = SLTerm -> SLTerm
eval :: Ev -> Ev -> Ev —>
Ev -=> Ev -=> Ev -> Ev

eval la opl arl su op2 ar2 v@(Var s) = v
eval la opl arl su op2 ar2 (Lam v b) =
let b’ = 1la b
in Lam v $! b’
eval la opl arl su op2 ar2 (App m n) =
let m’ =oplm
in case m’ of
(Lam v b) -> let n’ = arl n
in su § subst v b
_ -> let m’’ = op2 m
n’’ = ar2 n
in (\mx -> App mx

122

$! n’

$| n;z) $| mz;



Strict Sequencing Operator Parametric Evaluator

type Ev = SLTerm -> SLTerm
eval :: Ev -> Ev -> Ev —>
Ev -> Ev => Ev => Ev

eval la opl arl su op2 ar2 v@(Var s) = v
eval la opl arl su op2 ar2 (Lam v b) =
let b’ = 1la b
in b’ ‘seq‘ (Lam v b’)
eval la opl arl su op2 ar2 (App m n) =
let m’ = oplm
in case m’ of
(Lam v b) -> let n’ = arl n
in n’ ‘seq‘ (su $ subst v b n’)
_ -> let m’’ = op2 m
n’’ = ar2 n

in m’’ ‘seq‘ (n’’ ‘seq‘ (App m’’ n’’))

CPS Parametric Evaluator

type Ev = SLTerm -> (SLTerm -> SLTerm) -> SLTerm
eval :: Ev -> Ev -> Ev -> Ev -> Ev -> Ev -> Ev
eval la opl arl su op2 ar2 v@(Var s) k = k v
eval la opl arl su op2 ar2 (Lam v b) k = la b
(\b> -=> k § Lam v b’)
eval la opl arl su op2 ar2 (App m n) k =
opl m
(\m’ -> case m’ of
(Lam v b) -> arl n
( \n’ -> su (subst v b n’) k)
-> op2 m
(\m>’ -> ar2 n
(\Il” -> k $ App m): Il”)))
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Monadic Parametric Evaluator

This evaluator may be used with the Cont monad..

type Ev m = SLTerm -> m SLTerm
eval :: Monad m => Evm -> Evm -> Evm ->
Evm->Evm->Evm->Evm
eval la opl arl su op2 ar2 v@(Var s) = return v
eval la opl arl su op2 ar2 (Lam v b)
do b’ <- 1la b
return $§ Lam v b’
eval la opl arl su op2 ar2 (App m n)
dom’ <- oplm
case m’ of
(Lam v b) -> do n’ <- arl n
su $§ subst v b n’
-> do m’’ <- op2 m
n’’ <- ar2 n

return $ App m’’ n’’

Fix Points for the Four First Parametric Evaluators

aor = eval aor aor aor aor aor aor
cbv = eval id cbv cbv cbv cbv cbv
cbn = eval id cbn id <cbn cbn id
he = eval he he id he he 1id

Fix Points for the CPS Parametric Evaluator

cld :: a > (a->a) -> a

cld a = ($ a)

aor = eval aor aor aor aor aor aor
cbv = eval cId cbv cbv cbv cbv cbv
cbn = eval cId cbn cId cbn cbn cId
he = eval he he <cId he he <clId

Fix Points for the Monadic Parametric Evaluator

aor = eval aor aor aor aor aor aor
cbv = eval return cbv cbv cbv cbv cbv
cbn = eval return cbn return cbn return return
he = eval he he return he return return
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