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Motivation &

Querview » Frameworks for modelling fuzzy logic are more focused in
efficiency that in functionality (negation, fuzzification
functions, default values, similarity, ...) and they are
(usually) ad hoc solutions.

» They do not implement any semantics allowing to ensure
that the subset of real-world cases are represented by a
rule (as the multi-adjoint semantics).

» They do not allow to reuse the huge amount of
information that companies have in non-fuzzy databases.
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Motiation & » Frameworks for modelling fuzzy logic are more focused in
Overview efficiency that in functionality (negation, fuzzification

functions, default values, similarity, ...) and they are
(usually) ad hoc solutions.

» They do not implement any semantics allowing to ensure
that the subset of real-world cases are represented by a
rule (as the multi-adjoint semantics).

» They do not allow to reuse the huge amount of
information that companies have in non-fuzzy databases.

RFuzzy: A framework for modelling fuzziness in logic
programming programs.
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RFuzzy Syntax - DB connection

Database connection

% Defines the database location, username and passwd
sql_persistent_location(database_id,
db('SQL’, user, pass, 'host’ : port)). (1)

% Example
sql_persistent_location(myDatabase,
db('SQL’, 'me’, 'myPass’, 'localhost’ : 1521)). (2)

% Links a Prolog predicate to a database table

. —sql_persistent(
predicate_name(Prolog type for each column),
database_table_name(columns’ names),
database_id). (3)
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RFuzzy Syntax - DB connection

Database connection

% Example of linkage with restaurant’s food type db table
. —sql_persistent(
rest_food _type(integer, string),
restaurant_food _type(id, food_type),
myDatabase). (4)

% Example of linkage with restaurant’s distance to the center
% database table
. —sql_persistent(
rest_dist_to_tcc(integer, integer),
restaurant_dist_to_tcc(id, dist_to_tcc),
myDatabase). (5)
(6)
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RFuzzy Syntax - DB connection

Database connection

% Example how to link two tables together

restaurant(ld, Food_type, Dist_to_tcc) : —
rest_food_type(ld, Food_type),
rest_dist_to_tcc(ld, Dist_to_tcc). (7)

% Example one table with all the information

. —sql_persistent(
restaurant(integer, string, integer),
restaurant(id, food_type, dist_to_tcc),
myDatabase). (8)
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RFuzzy Syntax - DB connection

Database connection

% Another example of linkage with a database table
. —sql_persistent(
restaurantAux(integer, string, string, string,
integer, integer integer, integer),
restaurant(restaurant_id, name,
restaurant_type, food _type,
years_since_opening,
distance_to_the_city _center,
price_average, menu_price),
myDatabase). (10)
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RFuzzy Syntax - DB connection

Database connection

% Removal of column (Restaurant_id)
restaurant(Name, Restaurant_type,
Food _type, Years_since_opening,
Distance_to_the_city _center,
Price_average, Menu_price) : —
restaurant(Restaurant _id,
Name, Restaurant_type,
Food_type, Years_since_opening,
Distance_to_the_city _center,
Price_average, Menu_price). (12)
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emgess % Definition of virtual database table
define_database(pT /pA, [(pN, pT")]). (13)
DB connection % Example of definition of virtual database table
Decarations define_database(restaurant /7, |
EHE‘ (name, string_type),
?}:i:;}:f restaurant_type, enum,type),
Others

food_type, enum_type),
years_since_opening, integer_type),
distance_to_the_city_center, integer_type),
price_average, integer_type),

menu_price, integer_type)]). (14)

(
(
(
(
(
(
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RFuzzy Syntax - VDBT

Definition of the virtual database table - example cont.

% Predicates available from the previous example
name(R, Value) : —

restaurant_type(R, Value) : —

food_type(R, Value) :—

years_since_opening(R, Value) : —
distance_to_the_city_center(R, Value) : —
price_average(R, Value) : —

menu_price(R, Value) : —
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Definition of the virtual database table - Comparison operators available by the
things characteristics’ type
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(P A type operator meaning of operator
boolean_type = “is equal to"
=/= “is different from”
enum_type = “is equal to"
DB connection =/= “is different from”
voet —~= “is similar to”
o e interger_type = “is equal to”
. float _type =/= “is different from”
Similarty > “is bigger than”
< “is lower than”
>= “is bigger than or equal to”
=< “is lower than or equal to”
string _type = “is equal to"
=/= “is different from”
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Declarations: Definition of the truth value of an individual or a set of individuals

Extending the
Expressiveness of

Fuzzy Logic
Languages
fPredName(pT) :~ value(TV) (16)
if( pN(pT) comp value) (17)
o with_credibility (credOp, credVal) (18)
e e only_for_user ' UserName' (19)
el
SH cheap(restaurant) :~ value(0.5) (20)
Others

» comp is a comparison operator and can take the values
“is_equal _to", “is_different_from", “is_bigger_than",
“is_lower_than", “is_bigger_than_or_equal_to" and
" is_lower_than_or_equal _to"

» value can be of type integer_type, enum_type or
string _type.
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RFuzzy Syntax - Declarations
Declarations: Definition of the truth value of an individual or a set of individuals
(examples)

cheap(restaurant) :~ value(0.1)
if (name(restaurant) is_equal_to zalacain). (21)

cheap(restaurant) :~ value(0.3)
if (name(restaurant) is_equal_to don_jamon)
with_credibility(min, 0.8). (22)

close_to_the_city _center(restaurant) :~ value(0)
if (name(restaurant) is_equal_to zalacain)

only_for_user 'Lara’ (23)
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RFuzzy Syntax - Dyn. Decl.

Dynamic Declarations: Definition of fuzzification functions

fPredName(pT) :~ function( pN( pT ),

[ (valln, valOut) ]).

cheap(restaurant) :~ function(

price_average(restaurant),
[0, 1),(10, 1), (20, 0.9), (50, 0), (200,0)]).

100 euros

(24)

(25)
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RFuzzy Syntax - Defaults

Definition of default truth values

fPredName(pT) :~ defaults_to(TV)

close_to_the_city _center(restaurant)

i~ defaults_to(0).

cheap(restaurant) :~ defaults_to(0.5).
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fPredName(pT) :~ rule(fPredName2(pT)) (29)

fPredName(pT) :~ rule(aggr, (fPredName2(pT),

DB connection

e fPredName3(pT),

Dyn |

Defaults )) (30)
Rules

Synonyms

Similarity

Others % It is a tempting restaurant if the worst value between

% being close to the center and being cheap is not so bad.
tempting _restaurant(restaurant) :~ rule( min,
( close_to_the_city_center(restaurant),
cheap(restaurant) )) (31)
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RFuzzy Syntax - Synonyms

Definition of a fuzzy characteristic as synonym or antonym of another one

fPredName(pT) :~
synonym_of ( fPredName2(pT))

unexpensive(restaurant) :~
synonym_of (cheap(restaurant))
with_credibility (prod, 0.9).

fPredName(pT) :~
antonym_of (fPredName2(pT)).

expensive(restaurant) :

antonym_of (cheap(restaurant)).

(32)
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RFuzzy Syntax - Similarity

Definition similarity between attributes of the individuals in the database

similarity _between(pT, pN(valuel), pN(value2),
TV). (36)

similarity _between( restaurant,
food_type(mediterranean),
food _type(spanish), 0.8). (37)

% Tapas restaurants are valid answers if we look
% for a spanish restaurant, but not in the other way.
similarity _between( restaurant,
food _type(spanish),
food_type(tapas), 0.7)
with_credibility(prod, 1). (38)
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RFuzzy Syntax - Others

New connective (conjunctor, disjunctor, aggregator) definition

define_connective(Name/3, Var_In_1,
Var_In_2, Var_Out) : —
prolog _code. (39)

define_connective(max_but_at_most_a_half /3,
TV_.nl, TV_In2, TV_Out):—
max(TV_In_1, TV_In22, TV_Aux),
min(TV _Aux, 0.5, TV_Out). (40)
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define_modifier(Name/2, Var_In, Var_Out) : —
prolog _code.

DB connection

oot define_modifier(a_little/2, TV _In, TV _Out) : —

Declarations

Dyn. Decl TV_Out * TV_Out .=.TV_In.

Defaults
Rules
Synonyms
Similarity
Others
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New negation operator definition
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define_negation_op(Name/2, Var_In, Var_Out) : —

prolog_code. (43)
DB connection
e define_negation_op(godel _neg /2, TV _In, TV _Out) : —
( (TVin.=.0, TV Out.=.1) ;
(\+(TV_n.=.0), TV.Out.=.0)). (44)

Similarity
Others
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RFuzzy High Level Semantics

Intermediate translation

Ac - @j(Dl,

A
A

The structures with low level semantics are:

(P, v), &,;

(P, v), &,

%

p, v), &;
(P, v)

..,Di,...,Dy)
D if COND(A)

(', V') if COND(A)

if COND(A)
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Translation of the definition of truth value for an individual or a set of individuals

fPredName(pT) :~ value(TV) (48)
if( pN(pT) comp value) (49)
with_credibility (credOp, credVal) (50)
only _for_user ' UserName' (51)

is translated into

fPredName(Individual) <—(1 TV)
if COND (52)

where the “by default” values for p, v, &; and COND are 0.8,
1, prod (product) and true.



RFuzzy High Level Semantics - Declarations
Summary of the values given “by default” to the variables p, v, &;,
©; (B1,...,B,) and COND.
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construction |p v | &; Q; (By,...,By) COND
fuzzy value 0.8 |1 |prod | TV true
synonym 0.8 |1 |prod | TV true
e antonym 0.8 |1 |prod | TV true
Dyn. Decl - . .. valln_1 <
‘r) ¥ ’fli‘ ‘ :3 if;filcc)it " o6 |1 prod fﬁg@g’fﬁﬁ& )>}< pN(Individual)
:”’.““;“‘ o (valln_2—valln_1) < valln_2
fuzzy rule 04 (1 |[prod |©; (By,...,B,) true
default 0 1 |prod | TV true
fuzzy value




RFuzzy High Level Semantics - Declarations

Changes in the values given to the variables p, v, &; and COND when the tails’
constructions in eqs. 17, 18, 19 are used.
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tail P v &; COND
constr.
p+ COND A
eq. 17 0.05 | &i ( pN(Individual) comp value )
eq. 18 |p credVal | credOp | COND
i n COND A
o eq. 19 81 v &; currentUser(Me) A
Symonyms ' Me = 'UserName'

fPredName(pT) :~ value(TV)
if( pN(pT) comp value) (53)
with_credibility (credOp, credVal) (54)
only _for_user ' UserName' (55)



RFuzzy High Level Semantics - Dyn.Decl

Translation of fuzzification functions
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e fPredName(pT) :~ function( pN( pT ), [ (valln, valOut) ]).
(56)
is translated into a set of clauses, one for each piece the
programmer has defined for the piecewise function. Each one
Decloratione of the resulting clauses has the form
Dyn.Decl
fPredName(Individual) <22 %
R (valOut_2 — valOut_1)

(1, pN(Individual) x

(valln2 — valln_1) )
if COND (57)

in which p, v, &; and COND take by default the values 0.6, 1,
prod (product) and

(valln_1 < pN(Individual) < valln_2) (58)
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Translation of the definition of default truth values
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fPredName(pT) :~ defaults_to(TV) (59)
DDt is translated into
Defaults
Rules
syeoms PredName(Individual) <** (1, TV) if COND (60)

where the by default values for the variables p, v, &; and
COND are 0, 1, prod (product) and true.
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RFuzzy High Level Semantics - Rules

Translation of rules

fPredName(pT) :~ rule(fPredName2(pT)) (61)

fPredName(pT) :~ rule(aggr, (fPredName2(pT),
fPredName3(pT),... )) (62)

are (respectively) translated into

fPredName(Individual) <®~2 " fPredName2(Individual)
if COND (63)
(P7 V)7 &;

fPredName(Individual) +———
©( fPredName2(Individual),
fPredName3(Individual), ...)
if COND (64)

where the by default values for the variables p, v, &; and
COND are 0.4, 1, prod (product) and true.
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Translation of the definition of a fuzzy characteristic as the synonym of another one
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fPredName(pT) :~
synonym_of ( fPredName2(pT) ) (65)
poclanations is translated into
R‘V“!m .. (p, v), &;
S fPredName(Individual) +————
fPredName2(Individual)
if COND (66)

where the by default values for the variables p, v, &; and
COND are 0.8, 1, prod and true.
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Translation of the definition of a fuzzy characteristic as the antonym of another one
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fPredName(pT) :~
antonym_of (fPredName2(pT) ) (67)
poclanations is translated into
Rules - (P, V), &
S fPredName(Individual) +———
not(fPredName?2(Individual))
if COND (68)

where the by default values for the variables p, v, &; and
COND are 0.8, 1, prod and true.
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Translation of the definition of similarity between atributes
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similarity _between(pT, pN(valuel), pN(value2), TV). (69)

is translated into

Declations fuzzy comparator('=~=', pN, valuel, Individual)
\’rj\;[:n\x’sv (p, v), & TV
Similarity if pN(Individual, value2) (70)

so that we can ask for the similarity between the characteristic
entered in argument valuel and the value that the individual
Individual has for the same characteristic.

The by default values for the variables p, v, &; and COND are
0.8, 1, prod and true.
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RFuzzy Low Level Semantics - Priority inclusion

Definition (KT)
KT={L1} U {(p,v)Ivelo1 Apel01} (71)

Definition (< KT)
The ordering between the values in KT is fixed by the
definition of < kr:

1L <kgrl
J—#K'ﬂ‘(pa V)
(p1, vi) S kT (P2, v2) <> ( p1 < p2 ) or

(pr =p2 and vi < vp )

where < is defined as usually (remember that v; and p; are
just real numbers between 0 and 1). It is obvious that the pair
( KT, < gr) forms a complete lattice.
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For each kind of connective we define how to obtain the
priority of the result from the priority of the inputs.

Xty

X og y= > (72)

z o y= max(0, min(l, 2 x z — y)) (73)

oy 2 o
X og y = % (75)

o_(x)= x (76)

op(x) = x (77)
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» The functions are extended as usual when applied to more
than two input values.

» The aim of taking into account the priority of every single
root (each D;, i € 1 ... n) involved in the inference
Aoy (el process removes the possibility to use mathematical
operators in which the result remains unchanged when
some input does not (i.e. min, max, etc).

Low level syntax

> the operator must be defined for each possible connective.
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Definition (Basic formula)
A basic formula can be an atom (Eq. 78), the application of a
modifier or a negation operator to an atom (Egs. 79 and 80
resp.) or the application of a negation operator to the
e application of a modifier to an atom (Eq. 81).
M'o;;’{f_;;r!"
Low level syntax A (78) hot
O(A) (79) very(hot)
—(A) (80) not(hot)
=(O(A)) (81) not(very(hot))
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RFuzzy Low Level Semantics - Low level syntax

Definition (Multi-Adjoint Logic Program)
A multi-adjoint logic program is a set of clauses of the form

, V), &
(p, v)

{ A ©;(Dy,...,D;,...,Dy)

if COND(A) } (82)

where (p, v) € KT, &; is a conjunctor, @; an aggregator, A an
atom, each D;, i € [1..n], a basic formula (see Def. 3) and
COND(A) a first-order formula (a boolean condition that
needs to be satisfied for A to get the value computed by the
rule) formed by the predicates in TBp x v, the predicates =,
#, >, <, > and < restricted to terms from TUs v, the symbol
t and the conjunction A and disjunction V in their usual
meaning.




RFuzzy Low Level Semantics - Low level syntax

Low level syntax
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Languages
If n =1 then ©; is omitted (there is no need for an aggregator
to combine the tuples of two or more basic formulas D;
because there is only one) and we represent it with the form

A& b (83)

I If n = 0 the clause is intended to be used for assigning a truth

inclusion . g g .

e 1l et value to an atom, with more or less credibility. In this case
there is no aggregator nor basic formulas in the clause's body

and we represent it as follows

AL & (84)

where (p’, V') is the truth value and priority assigned to the
fact ( (p, v) is still the credibility assigned to the rule).




RFuzzy Low Level Semantics - Low level syntax

The negation problem

Extending the Suppose a program P q hat th
Fuzzy Logic formed by the set of anc assume that the .
Languages | definition of the negation
rules .
operator Is
A+ —(B)
Output = 1 — Input
B+ (1, 0.1)

The following interpretations are models of our program P:

h = {(B, (1,0.1)), (A (1,0.9))}
L = {(B, (1, 0.4)), (A (1,06))}

But their least model (the infimum between the
interpretations) cannot be its declarative semantics since it is
no more a model of P:

b = {(B, (1,0.1)), (A (1,0.6))}




RFuzzy Low Level Semantics - Low level syntax

Low level syntax
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leripErs Definition (Stratification, adapted and extended from
the definition proposed by Przymusinski in [Prz89])

A general program P is stratified if and only if it is possible to
decompose the set S of all predicates of P into disjoint sets
Sy, ..., S, called strata, so that for every clause Cl; € P of

the form

Priority inclusion
Modifiers

Rl (P, V), &; .
e { A2 Qi(Dy, ..., D;,...,Dy) if COND(A)}, (85)
Vi stratum(A) > stratum(D;) if D;
has the form B or OB (86)
V i stratum(A) > stratum(D;) if D;
has the form =B or =0B (87)
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Figure: Methodology of data recognition, from [FMO09].

Practical applications - Emotion recognition

Data Record

Data Synthesis

‘VarZ‘ ‘ HVarN‘

Convert crisp

to fuzzy data

Recognition

process through
RFuzzy

Recognition result
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recognition
RoboCup Soccer
Fuzzy
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Practical applications - RoboCup Soccer

Cognitive Layer
Prolog Programs

l—{ CiaoJava & CiaoServer

Sensorial / Effectorial Layer
Java Programs

|

Logical Communication Layer
Atan Library

|

Low Level Communication Layer
The RoboCup Soccer Simulator

Figure: System Architecture for RoboCup Soccer Server.



Practical applications - Fuzzy Granularity Control
in Parallel/Distributed Computing
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In [TLGM10; TLGMH10] T. Trigo de la Vega, P. Lépez-Garcia
and S. Mufioz-Herndndez present an study in which they relax
the (conservative) conditions taken into account for deciding
not to parallelize a task (communication costs and others) by
using fuzzy logic.

In the experimental assessment included in the study they

Fuzzy

Cranuleric N show that the new fuzzy conditions implemented in RFuzzy
ot select the optimal type of execution in most cases.

FleSe
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FleSe Demo

FleSe: Flexible Searches in Databases

Control in Paral-
lel/Distributed
Computing
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Conclusions

Improvements with respect to other fuzzy logic frameworks

>

>

Overloading of fuzzy predicates (cheap(car) and
cheap(house) do not behave in the same way).

Priorities, allowing to have different rules for the same
goal and obtaining the result from the rule with more
priority instead of from the rule obtaining the highest
truth value. Useful for:

> Default value rules (We can give more importance to

those rules using less default information)
> Rules for subsets of individuals
> Personalized rules

Modifiers (very cheap) and negation (not cheap). And
they can be used in programs and queries.

» Synonyms and Antonyms.

Similarity between non-fuzzy attributes, (ask for spanish
restaurants and obtain tapas restaurants).
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Conclusions

Improvements with respect to other fuzzy logic frameworks

» We can group individuals to get rules where credibility is
not as small as before, getting rules that represent better
the world behaviour and results much more accurate than
before.

Rule for subset

\/  Priority

Rule for the whole domain
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Dissemination results
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The work is the result of a very fertile research.
We have published our results in

> a workshop, ([PCMHSO08]),

» eight conferences ([MHPCS09; PCMH11; PCMH14a;
PCMH14b; PCMH14c; PCMH14d; PCSMHO9;
SMHPCO09].

> a journal paper ([MHPCS11])

other fuzzy logi » and we have sent a second journal paper that we expect
Dissemination to be published soon ([PCMH15]).

results

Impact of
RF
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> An American university ([Duk15]) was trying to determine
if the emotion of a CEO CFO, manager, analyst, ... could
affect the stock market

> An Spanish company ([Inn12]) was interested in using
RFuzzy as we do it in FleSe to represent fuzzy concepts
and translate fuzzy queries into queries that can be run
against a non-fuzzy database.

Improvements

it respect o » Some companies ([Emol2; Mar15]) showed interest for
‘f‘)lw% o the emotion recognition application presented by
results Farooque and Muioz-Hernandez.

Impact of
RFuzzy and apps
developed with it




The en:

Thank you for coming

Any question ?
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Linguistic Variables

cold warm hot

[ -

temperature s—

temperature is 25

degrees

fuzzification

temperature(warm)
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Linguistic Variables

Extending the
Expressiveness of

Fuzzy Logic
Languages cold warm hot
B temperature m—
Rules:
if temperature(warm) then
fan_speed(normal)
Linguistic
Variables
(’red\b_\hw
necessity
Multi-Adjoint

Semantics

temperature is 25

degrees

fuzzification

temperature(warm)

inference

fan_speed(normal)
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Linguistic Variables

Extending the
Expressiveness of

Fuzzy Logic
EEDELoES cold warm hot
P temperature =—
Rules:
if temperature(warm) then
fan_speed(normal)
Fan_speed | Voltage
fast 10 volts
Linguistic
Variables normal 5 volts
Credibility
\[7:((;5\\@1 slow 2.5 volts
Multi-Adjoint
S stop 0 volts

temperature is 25
degrees
fuzzification

temperature(warm)

inference

fan_speed(normal)

defuzzification

i

[feed the fan with 5 volts)
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Credibility necessity
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Without credibility
Name | Swift | Tall | Good
Player if swift and tall then
Tim [ 09 [09] 02 good_player
John 08 | 0.7 0.7
Sarah | 0.7 [ 0.8 | 07 aggregator: minimum
Tim: min(0.9,0.9) =0.9#0.2 WRONG !!
John : min(0.8,0.7) = 0.7 = 0.7
Vrbhies Sarah : min(0.7,0.8) = 0.7 = 0.7
ey

Multi-Adjoint
Semantics

Semar
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Credibility necessity

Fuzzy Logic
Faneuaes With Credibility
Name | Swift | Tall ISIOOd if swift and tall then
ayer d_player with credibility 0.2
good_play Yy
Tim 09 | 09 0.2
John 0.8 0.7 0.7 aggregator: minimum
Sarah | 0.7 | 038 0.7 conjunctor: minimum (Godel
Logic)
Tim: min(0.2, min(0.9,0.9)) = 0.2 <0.2
Linguistic John: min(0.2, min(0.8,0.7)) = 0.2 < 0.7
S Sarah:  min(0.2, min(0.7,0.8)) = 0.2 < 0.7

Multi-Adjoint
Semantics
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Multi-Adjoint Semantics
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e In our humble opinion, the multi-adjoint semantics [MOAV01a;
MOAV01b; MOAV01lc; MOAV02; MOAV04; MOO02] are the
best way to link together the real-world data and the
credibility of our rules.

Departing from a Poset (a partially ordered set) < P, < >
and introducing a pair of operations ( &, < ), we say that the
operations form an adjoint pair if

(1) & is increasing in both arguments,
(2) <« is increasing in its first argument and decreasing in the
second one and

Credibilty (3) (the adjoint property) for any x,y,z € P we have that
Multi-Adjoint z<(x+ y)holdsifandonlyif z& y < x.

Semantics

Linguistic
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Multi-Adjoint Semantics
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Languages
The interesting point about the adjoint property is that for a
fuzzy rule
if B then A with credibility z
where truth values for B and A are y and x respectively we can
evaluate x from y and z or z from x and y:
z < (x «+ ) iff z&y < x
Linguistic
Variables
('rr-mlrnhw
Mulltif‘A:ijoint

Semantics
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Multi-Adjoint Semantics
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Languages
Suppose we have four fuzzy facts, A, B, C and D. D is always
satisfied with at least the maximum truth value of A, B, and
C. From this knowledge we can extract the following rule:

D &% max(A, B, C) (88)

The interesting point is that the rule’s credibility value, 1, has
been computed from the real-world data. From Godel's
implication operator definition

o X, Godel 1 if a<b
e e T J %
S =1b if bea (89)
Semantes " and knowing that the satisfaction of D is always higher than

the satisfaction of A, B and C we can obtain the rule's
credibility value.
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Multi-Adjoint Semantics
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Example
Suppose we have four fuzzy facts, A, B, C and D and the rule
in Eq. 88. Knowing that A, B and C are satisfied with, at
least, the values 0.3, 0.4 and 0.5 we can compute how much
satisfied is D:
D = min(1, max(0.3,0.4,0.5) ) = 0.5 (90)
Linguistic ’
S
i

Semantics



Extending the
Expressiveness of
Fuzzy Logic
Languages

Multi-Adjoint
Semantics

Appendix

Multi-Adjoint Semantics

if swift and tall then
good_player with credibility z

Name | Swift | Tall | Good

Player aggregator: minimum
Tim 0.9 0.9 0.2 conjunctor: minimum (Godel
Sarah | 0.7 | 0.8 0.7 implicator: <(x,y) =

x if x < y else 1 (Godel Logic)

Tim: min(0.9,0.9) = 0.9; since 0.9 > 0.2 then 0.2

John:  min(0.8,0.7) = 0.7; since 0.7 =0.7 then 1

Sarah: min(0.7,0.8) = 0.7; since 0.7 =0.7 then 1
z = infimum(0.2, 1, 1) =0.2
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